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Chapter 1 


Introduction 


Let X be a non singular algebraic variety of dimension n and let T> be a union 
of £ distinct irreducible hypersurfaces on A", which we call an arrangement on 
A". We can associate to V the sheaf of differential 1-forms with logarithmic 
poles on V , denoted by ^(logP). This sheaf was introduced by Dcligne 
in pj for an arrangement with normal crossings. In this case, for all x G X, 
the space of sections of ^(logP) near x is defined by 


< dlog z 1} ..., d log z k , dz k+ 1 ,..., dz n >o XiX 

where Zi,... ,z n are local coordinates such that D = {zi ■ ■ • z k = 0}. More¬ 
over h2] s: (log'D) turns out to be a vector bundle over X, which is simply called 
logarithmic bundle. If V has not normal crossings, there is a more general 
definition of ST^Oog^) given by Saito in [23] . 

Once we construct the correspondence 

V-^Q} x {\ogV) (1.1) 


a natural, interesting question is whether r2Y(log"D) contains enough infor¬ 
mation to recover V. For this reason we can talk about the Torelli problem 
for O^(logP), since the injectivity of the map in (1.1) is investigated. In 
particular, if the isomorphism class of fi^logl?) determines V , then V is 
called a Torelli arrangement. 

The first situation that has been analyzed is the case of hyperplanes in the 
complex projective space P n . Hyperplane arrangements play a central role 
in geometry, topology and combinatorics (PI. 0)- In 1993 Dolgachev and 
Kapranov gave an answer to the Torelli problem when TL = { Hi ,..., H(} is 
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an arrangement of hyperplanes with normal crossings, [10]. They proved that 
if t < n+2 then two different arrangements give always the same logarithmic 
bundle, moreover if t > 2n + 3 then we can reconstruct j-L from f2p„(log'H) 
unless the hyperplanes in ji don’t osculate a rational normal curve C n of 
degree n in P n , in which case Op 1I (log'H) is isomorphic to the 

Schwarzenberger bundle of degree i — 2 associated to Cf. In 2000 Valles ex¬ 
tended the latter result to t > n + 3, [30]: while Dolgachev and Kapranov 
studied the set of jumping lines (0. US!) of flpn(log'H), Valles characterized 
"H as the set of unstable hyperplanes of the logarithmic bundle, i.e. 


{H C P n hyperplane \ H°(H, fi£,„(logft)jy ^ {0}}. 

A few years ago, hyperplane arrangements without normal crossings have 
been investigated, in particular Faenzi-Matei-Valles in [T2] studied the Torclli 
problem for the subsheaf Opn(loglf) of f2p„(log'H) and proved that H is a 
Torclli arrangement if and only if Hi ,..., H^, seen as point in the dual pro¬ 
jective space, don’t belong to a Kronecker-Weierstrass variety of type ( d,s ), 
which is essentially the union of a smooth rational curve of degree d with s 
linear subspaces. 

In this thesis, after recalling the fundamental definitions and the main clas¬ 
sical results on the subject, we consider arrangements of higher degree hy¬ 
persurfaces with normal crossings on P n . 

In chapter 4 we describe some important properties of the logarithmic bundle 


nJ,„(logX»), in particular in theorem 4.2 is proved that fip„(logZ>) admits a 


resolution of lenght 1 which is a very important tool for our investigations. 
Moreover, this resolution allows us to find again the Torclli type results in 
the case of hyperplanes. 

The main results of this thesis are collected in chapters 5, 6, 7 and 8. 
Precisely, chapter 5 is devoted to arrangements of conics in P J : if i > 9, 
then we can recover the conics in T> as unstable conics of h2p 2 (logP), unless 
the hyperplanes in P 5 corresponding to T> through the quadratic Veronese 
map satisfy further hypothesis (theorem 5.4). The notion of unstable conic 


is inspired to the one of unstable hyperplane given for a Steiner bundle. 

On the contrary, if i = 1 or i = 2 then we find arrangements which are 


not of Torclli type (theorems 5.7 and 5.18), in particular in the second case, 


by using the simultaneous diagonalization, we prove that two pairs of conics 
are associated to isomorphic logarithmic bundles if and only if they have the 
same four tangent lines. 

In chapter 6 we extend theorem 5.4| to arrangements of a sufficiently large 
number of hypersurfaces of higher degree in P n (theorem 6.4) and in chapter 
7 we generalize the methods used for one conic and pairs of conics to quadrics 
in P n (theorems 7.1 and 7.8). 
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Finally, chapter 8 is devoted to arrangements made of lines and conics in P 2 , 
in particular the cases of a conic and a line (corollary 8.4), of a conic and 
two lines (corollary 8.12) and of a conic and three lines (theorem 8.15) are 
investigated. 
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Chapter 2 
Preliminaries 


2.1 Arrangements with normal crossings 

Let X be a smooth algebraic variety, we give the following: 
Definition 2.1. A reduced and effective divisor on X is a family 


V — {D\ ,..., A} 

of irreducible hypersurfaces of X such that A f Dj for all i,j e {1,... 
i f j. V is also called arrangement on X. 


Example 2.2. Let T> be an arrangement on the n-dimensional complex 
projective space, which we simply denote by P n . Each hypersurface A £ 'D 


is defined as the zero locus of a homogeneous polynomial /', of degree di in 

t 

the variables xo, ..., x n . Thus V is given by the set of zeroes of h[/?:, which 

1=1 


is a polynomial of degree In particular, if d t — 1 for all i, we talk about 

i=l 

a hyperplane arrangement, if all dfs are equal to 2 we have an arrangement 


of quadrics and so on. In particular, when n — 2 in the two previous cases 
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we have to deal, respectively, with lines and conics. Also arrangements of 

hypersurfaces of different degrees are allowed. 

In this setting arrangements with normal crossings play a very special 
role. We have the following: 

Definition 2.3. Let V be an arrangement on X. We say that T> has nor¬ 
mal crossings if it is locally isomorphic (in the sense of holomorphic local 
coordinates changes) to a union of coordinate hyperplanes of C n . 

Example 2.4. Let H = {Hi, ..., II ( } be a hyperplane arrangement in P". 
H has normal crossings if and only if codim(H il D ... D H ik ) = k for any 
k < n + 1 and any 1 < i\ < ... < ik < l. In particular, if n — 2 a pair of 
distinct lines has always normal crossings but three lines meeting in point 
don’t. 

Example 2.5. In the complex projective plane let T> = {r, C}, where r is a 
line and C is a smooth conic. Then T> has normal crossings if and only if r 
is not tangent to C (see figure 8.1). Moreover, if T> is made of a cubic with 
a node, then it has normal crossings, but if the cubic has a cusp it doesn’t. 



Figure 2.1: Nodal cubic and cusp cubic 
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2.2 Logarithmic bundles 

Let X be a smooth algebraic variety and let T> be an arrangement with normal 
crossings on X. In order to introduce the notion of sheaf of logarithmic 
forms on T> we will refer to Dcligne (0, 0)- This is not the unique way 
to describe these sheaves, there are also other definitions for more general 
divisors (|23|. [23]) that are equivalent to this one for arrangements with 
normal crossings. In this sense see also section 3.3. 

Let’s start with some notations. Let U = A" — T> be the complement of V 
in X and let j : U S-X be the embedding of U in X. We denote by Qf the 
sheaf of holomorphic differential 1-forms on U and by its direct image 
sheaf on X. We remark that, since T> has normal crossings, then for all x G X 
there exists a neighbourhood I x C X such that I x nV = {zi ■ ■ ■ z k — 0}, where 
{ 21 ,..., Zk} is a part of a system of local coordinates. 

We have the following: 

Definition 2.6. We call sheaf of differential 1-forms on X with logarithmic 
poles on V the subsheaf of denoted by fix (log D), such that, for all 

x G X, r(I x ,n^(logV)) is given by 


{s G r(J x , jMu) | s = Mid log Zi + 55 Vidzi} 

2=1 i=k +1 


where are locally holomorphic functions and dlog^j = 


dzi 


Remark 2.7. Every s G r(/ x , OxG 0 ®^)) i s a meromorpliic differential 1- 
form with at most simple poles on T>, namely 

k n 

(zi ■ ■ ■ Z k )s = (zi ■ ■ ■ Z k ) 55 U i dl ° g Zi+(z 1 ■ ■ • Z k ) 55 v i dz i 

2=1 2=/c+l 

is holomorphic on I x . So we are allowed to call s a logarithmic form on T>. 
It’s not hard to check that also ds has this property. As we can see in it 
holds also that if s is a local section of jf-lf such that s and ds have at most 
simple poles on V, then s G r(/ x , ^(log^))- 
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Remark 2.8. Let A" be a smooth algebraic variety and let T> be an arrange¬ 
ment with normal crossings on X. Then ^(logT)) is a locally free sheaf 
of rank n = dimX , [8]. So, fix (log "D) can be regarded as a rank -n vector 
bundle on X and it is called logarithmic bundle attached to V. 


2.3 Torelli problem for logarithmic bundles 

Given a smooth algebraic variety X, we are able to map an arrangement 
with normal crossings on X to a logarithmic vector bundle on A": 

^(logD). (2.1) 

A natural question arises from this contruction: is it true that isomorphic 
logarithmic bundles come from the same arrangement? If the answer is 
positive, then we say that V is an arrangement of Torelli type, or a Torelli 
arrangement. This is the so called Torelli problem for logarithmic bundles. 

Actually this is not the “original” Torelli problem: we talk about problem 
of Torelli type whenever we have to deal with the injectivity of certain map. 
The history of this kind of problems goes back to 1913, when Torelli asked 
wether two curves are isomorphic if they have the same periods, [27]. 

The mathematical literature on this topic is enormous, we will focus our 
attention on the case of logarithmic bundles. 

In the next chapter we will discuss the main results concerning arrange¬ 
ments of hyperplanes in the complex projective space: a large number of 
mathematicians worked and are still investigating on this subject, I will 
mainly refer to Dolgachev, Kapranov ([9|, ITUIL Ancona, Ottaviani (111, GS), 
Faenzi, Matei, Valles tra’, » 
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Chapter 3 


The case of hyperplanes in the 
projective space 


3.1 Logarithmic bundles of hyperplanes with 
normal crossings: Steiner and Schwarzen- 


berger bundles 

Let Li = {Hi,..., Hi } be an arrangement of t hyperplanes with normal cross¬ 
ings on P n . Let’s describe the main features of the corresponding logarithmic 
bundle Opr, (log Li). First of all we have the following: 


Proposition 3.1. Let x G P n and let I x C X a neighbourhood of x such 


that I x fl H = {zi ■ ■ ■ Zk = 0} ; as in definition 2.6. We denote by 


res : Op„(logFf) 


®o«, 

i=l 


the Poincare residue morphism, that is the map defined locally by 



Then 


i 

0 —► —► fiJ, n (logft) 0 O h , —> 0 (3.1) 

2=1 

is a short exact sequence of sheaves on P n . 

n 

Proof. Every local section uo = ^ a,dzi of Qp„, can be considered as a local 

2=1 

section of fipn(log'H) by writing: 

k n 

00 = J2 a iZidlogZi + a id z i- 
2=1 i=k+l 

So the holomorphic differential 1-forms on P n belong to the kernel of the 
Poincare residue map. ft’s not hard to see that also the converse is true. □ 


Remark 3.2. In chapter 4 we will see that also logarithmic bundles attached 


to arrangements of smooth hypersurfaces with normal crossings on P n admit 


an exact sequence similar to (3.1). 


If we consider an arrangement PL made of a sufficiently large number of 
hyperplanes, the corresponding logarithmic bundle satisfies a further condi¬ 
tion: it is a Steiner bundle on P ra . In this sense we have the following: 


Definition 3.3. Let S' be a rank -n vector bundle over P n , we say that S is 
a Steiner bundle if it appears in a short exact sequence 

0 — y I Opn (—1) —> XV $5 Opn —> S — y 0 (3-2) 


where / and XV are complex vector spaces of dimension k and n + k respec¬ 
tively. The map r is uniquely determined by a tensor t e (C n+1 ) v <E) / v <S> XV 
in such a way that r is injective on each fiber. 


Remark 3.4. The short exact sequence (3.2) associated to a Steiner bundle 
S can be also represented as 


0 —> Opn(-l) 1 


sr\n-\-k 

kv -pn 


S 


(3.3) 
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where A; is a positive integer. 

We denote by S rhk the family of Steiner bundles with parameters n and 
k. The elements of S ntk have a very important property: they are stable in 
the sense of Mumford-Takemoto (slope-stability). Let’s recall this notion of 
stability. 


Definition 3.5. For a torsion-free coherent sheaf E over P" let 

Cl (E) 


ME) = 


rk(E) 


be the slope of E. 

We say that E is stable (resp. semistable ) if for all coherent subsheaves 
F C E such that 0 < rkF < rkE we have 

n(F) < n(E) (resp. <). (3.4) 

The theorem of Bohnhorst-Spindler (|5j) gives a very useful criterion in 


order to check condition (3.4) in the case of rank-n vector bundles over P r 


with homological dimension equal to 1. We have the following: 

Theorem 3.6. (Bohnhorst-Spindler 1992, [5]) 

Let E be a rank-n vector bundle on P n with minimal resolution 


k j k 

0 —» (J) Opn(ai ) — > (J) Opn(bj ) — > E 
i= i j =i 


0 


where ai > ... > a k , h > ... > b n+k and ai < b n+1 , ...,a k < b n+k . 
The following facts are equivalent: 

1) E is stable (resp. semistable); 


2) b x < (resp <) p(E) = - ( ^ bj - Y, 

n \i =1 


/ n-\-k 


i= 1 


Moreover, if bi — ... — b n then E is stable in any case. 


Remark 3.7. Theorem 3.6 implies that if S' € S njk then S is stable. 
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Now we are ready to state and to give a sketch of the proof of the result, 
due to Dolgachev and Kapranov ([HI]), that we mentioned previously. 


Theorem 3.8. (Dolgachev-Kapranov 1993, [TO] ) 

Let 'LL = {Hi ,..., He} be an arrangement of hyperplanes with normal cross¬ 
ings such that £>n + 2. Then ffpn(log'H) G SAy-n-1- 


Proof. We want to construct a map of sheaves r% as the one in (3.2) (with 
k = d — n — 1) whose cokernel is isomorphic to fipn(log'H). 

In order to do that, let fi,..., fe be homogeneous forms of degree 1 in 
Xq, ... , x n such that Hi = {fi = 0} for all i G { !,...,£} and let 


In = {(X 1 ,...,X i )eC £ \J2KJi = 0} 

i= 1 

W = {(A 1 ,..,,A ( )eC'|yAi = 0}. 


(3.5) 

(3.6) 


i =1 

Since £ > n + 2 we have that 1% is non trivial. By using linear algebra com¬ 
putations we can see that, since Pi is an arrangement with normal crossings, 
then dim(Iy) — £ — n — 1. Moreover we have that dim{W ) =1—1. 

Now, let t n G (C n+1 ) v ®If i ®W defined by 


tn{ Ai,.. ■, Xt, v) = (Xifi(v),..., X e fi(v)) (3.7) 

for all (Ai,...,A^) G In, v G C” +1 and let the corresponding map of 
sheaves, tn is called the fundamental tensor of PL. By using the hypothesis 
of normal crossings, it’s not hard to prove that, for all v G (C*) n+1 , the 
fiber tn(v) of Tn over [n] G P n is an injective map, so that dim(Imtn(v )) = 
£ — n — 1. We want to construct an isomorphism between the vector spaces 
Coker tn{v) and (log%)[„]. So consider the map 

7iy : W —» flp„ (log %)[,,] 
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(Ai,..., A/) i—> ^2 K(dlog fi)\ [v] . 

1=1 

Since the subspace of H°(P n , flpn(log'H)) made of all sections that vanish 
at [u] has dimension l — n — 1, we have that n v is surjective; in particular 
dim(Ker n v ) = dim(Irnt n (v)). In order to conclude the proof it suffices to 
show that Imtu{v ) C Ker7T v . So, let (/ii,... ,/r^) G Imt n (v), that is there 
exists (Ai,..., A<?) G Iy, such that ^ = A ifi(v). We have that 

Y^lM{dAagfi)\ [v] = Y w(t') 

i=l is.t.[ y ]^ H i A 1 ' ![„] 

is a regular 1-form in a neighbourhood of [u] and, for all tangent vectors 
£ e T[ v ] 

Eft(rfiog/i)i M ©= E E a,/,k) = o, 

i= 1 i s.t. [v](£Hi ) is.t.[v](£Hi 


i 

These two conditions imply that Y^i^log fi) is zero at [w], as desired. □ 

2=1 

Logarithmic bundles attached to arrangements of hyperplanes with nor¬ 
mal crossings are strictly related to another class of vector bundles over P n : 
the family of Schwarzenberger bundles , [25] and [26]. 

Let’s introduce some preliminary notations: we denote by (P n ) v the dual 
variety of P n and by F the incidence variety point-hyperplane of P”, that is 


F = {(x, y) G P n x (P") v | x G H y } 


p q 
/ \ 


n \V 


(P n ) 


where H y C P” is the hyperplane “defined” by the point y G (P”) v and p, q 
are the canonical projection morphisms. 

Let C n be a rational normal curve of degree n in P n , that is the image of the 
map 




: P 1 


[x 0 ,Xi] 


[t4q, ..., A n ] 
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where {Ao,... , A n } is an arbitrary basis for the space of homogeneous poly¬ 
nomials of degree n in the variables Xq, X\. To give such a curve is equivalent 
to make a choice of an isomorphism between the vector spaces C n+1 and 
S n C 2 . Moreover, denote by Of C (P n ) v the dual curve of C n . 

Consider the following diagram 

9 _1 (0 = V) e F | x G H y A y G Cf} 

p 

/ 

pn 

where p, q are the restrictions of p, q to 
We are ready to give the following: 

Definition 3.9. (Schwarzenberger 1961, [26] ) 

Let m G N, we call Schwarzenberger bundle of degree m associated to Cf the 
rank -n vector bundle over P n given by 

771 

EmK)=P if ?0 C - v(-) 

where denotes the line bundle over Cf that corresponds to Opi(m) 

through the isomorphism u n between P 1 and Of. 

If the degree of the Schwarzenberger bundle is sufficiently large then we 
get a Steiner bundle. In this sense we have the following: 


\ 

c 

dOcF. 


Proposition 3.10. (Schwarzenberger 1961, [26] ) 

If m>n then E m {Cf ) G 5„ im _ n+ i. 

Proof. It suffices to observe that, if m > n, then E rn {Cf ) is defined by the 
short exact sequence 

0 —► Opn(-l) m ~ n+1 ^4 Oprf 1 — E m (Cf) 0 
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where M is the following (m + 1) x (m — n + 1) matrix: 

/ 0 ••• x 0 \ 


M = 


x 0 x r , 


\X n ■■■ 0 / 


□ 


Remark 3.11. We can find detailed descriptions of the previous result also 
in [10] and [22]. In particular, according to definition 3.3, the vector spaces 
that characterize E m (C „) are, respectively, S m ~ n C 2 and S m C 2 and the tensor 
t is the multiplication map 


t : S n C 2 <8) S m ~ n C 2 —> S m C 2 . (3.8) 

The link between logarithmic bundles of hyperplanes with normal cross¬ 
ings on P n and Schwarzenberger bundles is described by the following result: 

Theorem 3.12. (Dolgachev-Kapranov 1993, [TO] ) 

If m > n then 

E m (C y n ) ^Q^(log^) (3.9) 

where H = {Hi, ..., Hf\ is an arrangement with I = m + 2 hyperplanes with 
normal crossings such that Hi,... ,Hg osculate C n C P n . 


Proof. Let H be a hyperplane arrangement satisfying the properties listed in 
the statement of the theorem; let /% and W be the vector spaces defined in 


(3.5) and (3.6). In order to get (3.9), we have to construct two isomorphisms 
of vector spaces 


a : S m ~ n C 2 


l h 
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P : S m C 2 


W 


such that the tensor t defined in (3.8) is sent to the tensor t-n introduced 


in (3.7). Since Hi = {/* = 0} osculates C n for all i 6 {1 , ...,m + 2 }, 
then there exists Ui G (C 2 )* such that f t = u™. By identifying S m C 2 with 
if^P 1 , fipi([wi] + ... + [u m+ 2 ])), i.e. the space of forms with simple poles at 
[«i],..., [u m+2 ], we get a well-defined map 


P : H (P , Opi ([xti] + ... + [u m + 2 ])) 


IP 


uj 1 —> (res [ttl] (w), .. .,res [Um+2] (u)). 

Now, let [u] 7 ^ [ui] and identify S m ~ n C 2 with H 0 ^ 1 , flpi ([wi] +... + [u m + 2 ] — 
n[n])), the space of forms with at most simple poles at [ui] and a zero of order 
<n at [u]. We define a as the restriction of 3 to this space, which concludes 
the proof. □ 
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3.2 Torelli type theorems for the normal cross¬ 
ings case 

Let H = {Hi ,..., H(} be a hyperplane arrangement with normal crossings 
on P n . If H is made of few hyperplanes then it is not a Torelli arrangement. 
In this sense we have the following results: 

Theorem 3.13. (Dolgachev-Kapranov 1993, [10] ) 

If 1 < i < n + 1 then fiJ,„(log H) = © 0 P n(-l) n+1 ~ e . 

Proof. Let M = fip„ (log %)(*)) be the graded C[x 0 , ..., x n ]-module 

i 

associated to fIp„(log"H) thanks to Serre’s theorem, [15]. It comes out that 
M is the kernel of the homomorphism 

C[xo, • • ■, x n ] e 0 C[x 0 , • • •, x n ] n+l ~\-l) —> C[x 0 , ■ ■ ■, x n \ 

£ n +1 

(<7lj ■ ■ ■ i 9n+ 1) 1 -» E ( T + E 9j x j 

0=1 3 = 1+1 

that is M = C[x 0 ,... , £ n ]^ _1 © C[x 0 ,..., x n \(—l) n+1 ~ e , as desired. □ 

Proposition 3.14. If£ — n + 2 then Slp„(log?^) = TP n (—1). 

Proof Theorem |3.8| implies that Qp„ (log TL) G S n +, that is it admits an exact 
sequence of the form 

0 —► Opn(-l) —> O^t 1 —»■ ^ n (log^) —► 0 


which is the Euler sequence for TP n (—1). 


□ 


Remark 3.15. All Steiner bundles in S n + are isomorphic to TP n (—1). 

If we consider arrangements with a sufficiently large number of hyper¬ 


planes, then the Torelli correspondence defined in (2.1) is very closed to be 


an injective map. The main result on this topic is the following: 
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Theorem 3.16. (Valles 2000, [30] ) 

Let TL = {Hi ,..., Hi} and 1C = {K \,..., Kf} be arrangements of £ > n + 3 
hyperplanes with normal crossings on P n such that 

(log ft) = fip„(log/C). (3.10) 


Then we have one of these possibilities: 


1 ) H = 1C; 

2) there exists a rational normal curve C n C P n such that Hi ,..., Hi, 
Ki,... ,Ki osculate C n and fIp„(logft) = Qp„(log 1C) = Ei^iCf). 


Remark 3.17. Since one can always find a rational normal curve Cf C (P' l ) v 
of degree n passing through n + 3 points of (P”) v , the previous theorem 
becomes important when l > n + 4. 


Remark 3.18. In 1993 Dolgachev and Kapranov in ra proved the same result 
of Valles when i > 2n + 3, focusing their attention on the set of jumping 
lines of I2p„(log?7). In the following we will see a sketch of the proof of 
theorem 3.16[ which is based on the following idea: recover the hyperplanes 
of TL as unstable hyperplanes of 12p n (log'H). 


Definition 3.19. (Valles 2000, [30]) 

Let S G S nt k be a Steiner bundle and let H C P” be a hyperplane. 

We say that H is a unstable hyperplane for S if the following condition holds: 


H°{H,E^)^{ 0}. 

Remark 3.20. The notion of unstable hyperplane for a Steiner bundle S G 
S n ,k is justified from the fact that S v has not global sections different from the 
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zero one. 


Indeed, S v is a stable bundle because of remark 3.7 and ci(S v ) = 


-k < 0 . 

The Torelli theorem for hyperplanes proved by Valles is a consequence of 
the following result: 


Theorem 3.21. (Valles 2000, [30] ) 

Let £ > n + 2 and let S G Sky-n-i- If S has Hi, ..., H{ +} distinct unstable 
hyperplanes, then there exists a rational normal curve Cf C (P n ) v such that 
Hi, ..., Hi + 1 osculate C n (or, equivalently, H, G Cf for alii G {1,..., 1+ 1}) 
and S ** E t - 2 (CX). 


Remark 3.22. Theorem 3.21 asserts that a Steiner bundle in S n ^_ n _i which is 
not a Schwarzenberger bundle has at most £ different unstable hyperplanes. 
The proof of this result is based on “reductions” and the main steps are the 
following: 


1 ) the kernel 7\ of the homomorphism S —> Oh 1 induced by a non zero 
element of H°(Hi, ) is a Steiner bundle in S' n y _ n _2 and the set of 
unstable hyperplanes of S is contained in 

{H C P n hyperplane \ H°(H, ^ {0}} U Hp, 

2) by iterating this method, after £ — n — 3 reductions we get a Steiner 
bundle 77 _ n _ 3 G S n) 2 which actually is isomorphic to the Schwarzen¬ 
berger bundle E n+ i(C(f), for certain rational normal curve Cf C (P«) v , 
as we can see in S3; 

3) since for all m > n the set of unstable hyperplanes of E rn (C'f ) coincides 
with C 020 !), then Hi_ n _ 2 , • • •, Hi + i are n + 4 points of Cf] 
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4) by changing h^_ n _ 2 with H t for all i G {1, — n — 3} we get that 

Hi,, Hc-n-s oscillate C n too, which implies that S = E^iCf) (fHDj). 


Remark 3.23. Further interesting results about Steiner bundles and unstable 
hyperplanes have been proved by Ancona and Ottaviani in [2], 


Now we have all the tools to prove theorem 3.16 


Proof. If H £ H then, by using the residue exact sequence (3.1), it’s not 
hard to see that H is unstable for flpn(log'H). 

Now, assume that H ^ 1C, for example let say that H i 7 ^ Ki, we want to 


prove that the statement 2) of theorem 3.16 holds. From the isomorphism 


(3.10) we get that also K\ is unstable for fipn(log'H). This implies that 
flp„(log"H) is a Steiner bundle in S n ^- n -\ with at least £+1 different unstable 


hyperplanes. So theorem 3.21 tells us that there exists a rational normal 
curve Cf in (P n ) v containing all the hyperplanes in H and 1C and such that 
Opn(logFf) = h 2 p„(log/C) = Ee_ 2 {Cf), as desired. □ 


Remark 3.24. The theorem proved above asserts that, if £ > n + 2, then 
the set of unstable hyperplanes of flpn(log'H) is equal to H = {Hi,..., Hi}, 
unless the hyperplanes in H osculate a rational normal curve C n of degree 
n in P", in which case all the hyperplanes corresponding to the points of 
Cf C (P n ) v are unstable for hip™ (log ?f). In the latter situation all the 
arrangements made of i hyperplanes with normal crossings that osculate C n 
yield logarithmic bundles in the same class of isomorphism. 
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3.3 Torelli type theorems for the general case 

Recently hyperplane arrangements have been investigated by removing the 
hypothesis of normal crossings. In particular in this section we refer to the 
papers of Dolgachev (|9j) and Faenzi-Matei-Valles ([ 12j). 


As we can see in section 2.2, we can’t introduce the sheaf of differential 
1-forms on P", with logarithmic poles along a family of hypersurfaces that 
not necessarily has normal crossings by using definition 2J3 So, let refer for 
example to m- We have the following: 


Definition 3.25. Let T> = {D i, ..., Df\ be an arrangement of smooth hy- 

i 

persurfaces on P n and let / = f be a polynomial of degree q in Xq,..., x n 

i=l 

defining V. Let T(logP) the sheaf given as the kernel of the Gauss map, i.e. 


o^t 1 


( dof,--,dnf ) 


Opn(q — 1 ). 


We call sheaf of differential 1 -forms on P n with logarithmic poles along T> 

G^(logP) = T(logP) v (-l). 

Remark 3.26. From the previous definition we get that Gpn(log'D) is a re¬ 
flexive sheaf, that is f2p„(logF , ) vv = f2p, I (logF ) ). 

Remark 3.27. If V has normal crossings, this definition coincides with defi¬ 
nition 12.61 

In this more general situation, Catanese-Hosten-Khetan-Sturmfels ([5J) 
and Dolgachev (pj) studied a subsheaf of Dp„(logP) instead of Dp.^logP) 
itself. In this sense we have the following: 

Definition 3.28. We denote by f2pn(log"D) the rank n torsion free subsheaf 
of f2p„(logD) that admits the short exact sequence 

i 

0 —> Opn —y D^(logP) —> t 0 

i=l 

which is called residue exact sequence, just like the normal crossings case. 
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Remark 3.29. If we don’t assume that all the Df s are smooth, then the 
residue exact sequence becomes 




Q 1 

a tpr 


(log 2?) 




V 


where v : V —>■ T> is a resolution of singularities of T>. 

Remark 3.30. A detailed description of Dp„(logZ>) is given in [§]. 
In particular we stress the following facts: 


1) f!pn(logH) vv = r2pn(logP); 

2) if the codimension of the set where V has not normal crossings is at 
least 3, then Dp„(logD) = h2p„(logD) (in particular if V has normal 
crossings, then Dp„(logD) is locally free); 

3) if RL is a hyperplane arrangement such that Dp™ (log'll) is locally free, 
then RL has normal crossings; 


4) if RL is an arrangement of l > n + 2 hyperplanes, then hip™ (log V) is a 


rank -n Steiner sheaf over P n which appears in a short exact sequence 


like (3.3) with k 


— 71 — 1. 


In P Dolgachev studied the Torelli problem for fip^logH), where RL is a 
hyperplane arrangement on P n . Statement 4) of the previous remark allowed 
Dolgachev to use Valles’ notion of unstable hyperplane also for Dpn(log'H). 
In order to state the conjecture that he formulated we recall the following: 


Definition 3.31. Let A be a torsion-free coherent sheaf over P n and let 
x{E(k )) = YX-1)' dim H l ( P n , E(k)) the Euler characteristic of E(k). We 

i 

say that E is Gieseker-stable (resp. Gieseker-semistable) if for all coherent 
subsheaves F of E such that 0 < rkF < rkE we have that 


x(F(k)) < x (E(k)) x{F[k)) < x (E(k)) 

rkF rkE rkF ~ rkE 
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for all integers k » 0. 


Remark 3.32. Direct computations show that 


x(E(k)) x(F(k)) 


is a poly- 


rkE rkF 

nomial in k with leading term given by a positive scalar multiple of n(E) 


/i(F ) and so, for sufficiently large k E Z, 


x(E(k)) X (E(k)) 


and ju(E) 


rkE rkF 

n(F) have the same sign. We immediately get that the Gieseker-semistability 


implies the slope-semistability and the slope-stability implies the Gieseker- 
stability, [IB]. 


Definition 3.33. Let C be a connected curve of arithmetic genus 0. We say 

S 

that C is a stable normal rational curve of degree n in P n if C — [J C % where 

2—1 

each Ci is a smooth rational curve of degree di spanning a P rfi , the degrees 

S S 

satisfy ^ di = n and |^J P' /! spans P n . 

2=1 2=1 

Now we are ready to state the following: 

Conjecture 3.34. (Dolgachev 2007, [9J) 

Let Li = {H i,..., Hi} be an arrangement of £ > n + 2 hyperplanes on P n 
such that Gp„(log7f) is Gieseker-semistable. H is a Torelli arrangement if 
and only if Hi,.... H f don’t osculate a stable normal rational curve of degree 
n in P n . 

We remark that Dolgachev proved the truth of this conjecture in the case 
of n = 2 and £ < 6 . 

Faenzi, Matei and Valles in |I 2 | investigated the set of unstable hyper¬ 
planes of Qp„ (log H) and proved Dolgachev’s conjecture by changing stable 
normal rational curve of degree n with Kronecker-Weierstrass variety of type 
(d; s). In this sense we have the following: 

Definition 3.35. Let (d, n ±,..., n s ) E N s+1 such that 1 < d < n and 

S 

n = d + y C (P n ) v is called a Kronecker-Weierstrass variety of type 

2=1 
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(d; s) if Y — C U L\ U ... U L s , where C is a smooth rational curve of degree d 
that spans a linear space L of dimension d (C is said to be the curve part of Y) 
and Li is a linear subspace of dimension 1 < n* < n — 1 for all i E {1 ,..., s}, 
with the following properties: 

1) L fl Li = {pi} E C for all i; 

2 ) Li fl Lj — (/} for all i ^ j. 

In the case of d = 0, C reduces to a single point {p}, which is called the 
distinguished point of Y and all the Lfs meet only at {p}. 

Remark 3.36. The name given by Faenzi-Matei-Valles to the varieties de¬ 
scribed above comes from the isomorphism classes of these varieties which 
are given by the Kronecker-Weierstrass form of a matrix of homogeneous 
linear forms in two variables. 

Example 3.37. If r\ and r 2 are lines in (P 2 ) v , then Y — ry U r 2 can be a 
Kronecker-Weierstrass variety of type (1; 1) (in two ways, simply by inter¬ 
changing the lines) or of type (0; 2) (in particular the distinguished point of 
Y is the point of intersection of r\ and r 2 ). 

If is a rational normal curve of degree n in (P n ) v , then Y = is a 
Kronecker-Weierstrass variety of type (n; 0). 

We have the following: 

Theorem 3.38. (Faenzi-Matei-Valles 2010, [12]j) 

Let Li = {Hi ,..., He} be an arrangement of hyperplanes in P n and let Z = 
{zi ,..., Ze} the corresponding set of points in (P n ) v . Then TL is not a Torclli 
arrangement if and only if Z C Y, where Y is a Kronecker-Weierstrass 
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variety of type (d; s) in (P”) v . In particular, if d = 0, then the distinguished 
point ofY doesn’t belong to Z. 


Remark 3.39. As in the normal crossing case, all the hyperplanes of H are 
unstable for Qp„(log?f). Thus, in order to get the previous theorem the 
authors proved that if H is a unstable hyperplane such that H ^ H, for all 
i G {1, then there exists a Kronecker-Weierstrass variety Y C (P n ) v 


of type (d; s) containing Z. Y plays the role of the rational normal curve C 


of degree n that appears in theorem 3.16 In particular, this theorem can be 
proved also with the arguments used in m 


Remark 3.40. As a direct consequence of theorem 3.38 we get the “only if’ 
implication of Dolgachev’s conjecture. The “if’ implication holds only in 


P 2 , even if flpn(log'H) is not Gieseker-semistable, but in the case of n > 3 
Faenzi-Matei-Valles provide some counterexamples to it. 
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Chapter 4 


The higher degree case in the 
projective space 


4.1 Logarithmic bundles of hypersurfaces with 
normal crossings 

Let T> = {Di,..., Dp} be an arrangement of smooth hypersurfaces with 
normal crossings on P n and let fip«(logP) be the associated logarithmic 
bundle. We have the following: 


Proposition 4.1. r2p„(logT ) ) admits the residue exact sequence 

i 

0 -> flpn -> ffpn(10gT > ) -> ^ 0. 

i=1 


Proof. It is a direct consequence of statement 2) of remark 3.30 


(4.1) 

□ 


Theorem 4.2. (Ancona, [T]) 

Let assume that D * = {/* = 0}, where fi is a homogeneous polynomial of 
degree di in the variables xq, ..., x n , for all i e {1,..., £}. 
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Then the logarithmic bundle Op„ (log T>) has the following resolution: 

t 


o —► n^(io g p) v —> 

Opu(l) n+1 @O l p n l 

N ' 

^ Opn (df 
2=1 

cn" 

o 

T 

where N is the i x (n + T) matrix 






1 d 0 fi 

■ ' ' d n f\ 

fl 

0 

••• 0 \ 



d 0 f 2 

■ ■ ■ d n f 2 

0 

/a 



N = 





0 

(4.3) 


dofe-i 

■ ■ ■ drift -1 

0 


0 ft -1 



\ d 0 ft 

d n fe 

0 


0 j 



Proof. As in [9], let denote by S the polynomial algebra C[x 0 , ..., x n ] and 


let 


=< dx 0 ,..., dx n >s— 5(—l) n+1 
d d 


Ders =< 


dx n ’ ’ ’ ’ ’ dx ri 


>s= S(l) 


n+1 


be, respectively, the graded 5-module of differentials and the graded 5- 

n Q 

module of derivations. The Euler derivation £ = E x j—— defines a ho- 

dxi 

momorphism of graded 5-modules 


—» 5 uj i—> cu(£) 

whose kernel corresponds to the sheaf h2p„. Moreover the cokernel of the 
homomorphism 


5 — > Der s p i— > pf 

corresponds to TP n , which is the dual sheaf of h2p n . So we have a pairing 

fX TP” Opu 

C n n f) \ n 

E hidxi, E b i P—^ E h i h i 

i= 0 i= 0 ux %; 1=0 
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and, if U is an open subset of P n , then T{U, f]p„(log"D) v ) is given by 


{v g r (U, TP") | V local equation g t of Di inU < d log g^v > is holomorphic} 

where we recall that < d log g t , v >=< — ,v >. 

9i 

X * 

Assume that x 0 0 and let Zj = — for all j G {1 ,,n}. Since for all i G 

Xq 


{ 1 ,... we have that f t (x 0 ,.. .,x n ) = x$fi(l, — = xfrg^z i,.. .,z n ), 

x 0 x 0 


dif(-t X n^ di 

A Ml, - ' ~ " 

x c 

the chain rule implies that, for all j G {1,..., n}, 

% 1 dfi 


dzj x d 0 ‘ 1 dxj ' 


So we get that 


j ^ d 9ij ^ 1 dfi ( dxj xj \ 

d 9i = 2 A a dz j = - 2 dx 0 = 

tidzj J^iXq dxj \ x 0 Xo 


- —V —dx- - — V ~ —V —dx- - — (d )(f) 

~ dilf) r ax 3 di+lZ^a x 3 - dilf) r ax l di+1 wu*h 

•To j=l ux 3 x 0 j=l UJj 3 x 0 j=l UJj 3 x 0 

n q 

Thus implies that v G T(C/, flp„ (logiD) v ) if and only if for all 

j =0 ^ X 3 

i G {1,..., £} there exists a holomorphic function a* such that 
y w^-bj = ctj/j modulo £ — 0. 

dxj 

flp„(logT ) ) v turns to be the cohomology of the monad given by 


0 —► Opn Opn(l) n+1 ffi0*„A® Opn(di 


i=1 


where A4 is the (n + 1 + t) x 1 matrix 


M= t {x o • • • x n d\ ■■■ d £ ) 
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and A f is the i x (n + 1 + £) matrix 


1 d 0 fi ■ 

• d n fi 

h o ••• ■ 

0 \ 

do h ' 

■ d n f 2 

0 f 2 0 ■ 

■■ 0 

V doff. • 

■ d n ft 

0 

fi) 


We remark that if we multiply J\f with the square matrix of order n + £ + 1 

/ x o \ 


Xr. 




-d-i 


—dt-i 

V 0 ■ • • 0 -de ) 

and we apply the Euler formula, then we can remove the last column of J\f so 


that A f takes the form of N, the matrix in (4.3). In particular h2p„(log'D) v 

□ 


admits the short exact sequence (4.2), which concludes the proof. 


Remark 4.3. Theorem 4.2 holds in particular when D is a hyperplane ar¬ 


rangement, that is when d t — 1 for all i. Indeed, if £ > n + 2 then (4.2) 


becomes the dualized sequence of the Steiner sequence (3.3) and if £ < n + 1 


then (4.2) implies theorem 3.13 













4.2 A Torelli type result for one hypersurface 

According to chapter 3, the Torelli problem for hyperplane arrangements has 
been completely solved, but in the higher degree case it still represents an 
open question. 

In [28] Ueda and Yoshinaga studied this problem for one smooth cubic D 
in P 2 , focusing their attention on the set of jumping lines of the corresponding 
logarithmic bundle. In this sense they proved the following: 


Theorem 4.4. (Ueda-Yoshinaga 2008, [28]) 

Let D and D' be smooth cubics in P 2 with non-vanishing j-invariant. Then 


the Torelli map in (2.1) is injective. 


Afterwards, in H, Ueda and Yoshinaga extended theorem |4.4| for the 
case of one smooth hypersurface in P n . In order to state this result we 
introduce the following: 


Definition 4.5. Let D C P n be a smooth hypersurface of degree d such 
that D — {f — 0}. We call / of Sebastiani-Thom type if we can choose 
homogeneous coordinates x 0 ,... ,x n of P" and k G {0 ,...,n — 1} such that 


f(x o, ...,x n ) = f(x o, ...,x k ) + f(x k+ 1 , ...,x n ). 


With the notations of definition 4.5 we have the following: 


Theorem 4.6. (Ueda-Yoshinaga 2009, [29] ) 

» = {£>} is a Torelli arrangement if and only if f is not of Sebastiani-Thom 
type. 


Remark 4.7. If d = 2 then / is always of Sebastiani-Thom type, for all n. 

Remark 4.8. A smooth plane cubic has a vanishing ^'-invariant if and only if 
it is the zero locus of the Fermat polynomial x^ + xf + x\ which is equivalent 
to say that it is defined by a / of Sebastiani-Thom type. 
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Corollary 4.9. Let D be a general hypersurface of degree d in P n . Then 
V = {D} is Torclli if and only if d > 3. 
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Chapter 5 


Arrangements of conics in the 
projective plane 


5.1 Many conics 

Arrangements made of a sufficiently large number of conics with normal 
crossings can be studied by using the main results concerning arrangements 
of hyperplanes with normal crossings (HD],[30J) that are recalled in chapter 3. 

Let T> = {Ci,..., Ci} be an arrangement of £ smooth conics with normal 
crossings on P 2 and let flp 2 (logZ>) be the corresponding logarithmic bundle. 

Remark 5.1. Let u 2 : P 2 —> P 5 be the quadratic Veronese map, that is 
V2{[xq,X\,xJ[) = [X 2 0 ,X 2 1 ,xl,X 0 X 1 ,X 0 X2,X 1 X 2 ] 


and let V 2 = ^(P 2 ) be its image. As we can see also in [13], conics are 

exactly hyperplane sections of V 2 C P 5 . 

So we can associate to V = {Ci,..., Cf} an arrangement of hyperplanes 
H = {Hi ,..., Hp} on P 5 . Let assume that H has normal crossings and let 
f2p 5 (log'H) be the logarithmic bundle attached to it. We will see in the proof 
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of theorem 5.4 (focus on exact sequence in (5.3)) that the vector bundles 
Op 2 (log T>) and Op 5 (log%) are strictly related one to the other. 

Given the logarithmic bundle flp 2 (logl?), the key idea is to reconstruct 
the conics in V as unstable conics of fip 2 (logD), using the fact that we 
are able to deal with hyperplanes. The notion of unstable conic that we 
introduce in the following is very close to the one of unstable hyperplane (see 
definition 13.191). 


Definition 5.2. Let C C P 2 be a conic. We say that C is unstable for 
fip 2 (log T>) if the following condition holds: 


H°(C,nU logV)l)^{ 0 }. (5.1) 


Remark 5.3. The previous definition is meaningful. Indeed, we recall that 
flp 2 (logI>) admits the short exact sequence: 

0 —► 0 P 2(-2) e — > O p2 (-l) 3 ® O^ 1 —► Q^logV) — ► 0. (5.2) 

21 — 3 

In particular the slope p^p^logP)) = —-— > 0 for all £> 2, which 

implies, by using Bohnhorst-Spindler criterion, that h2p 2 (log'D) is stable. So 

flp 2 (logP) v is a stable bundle too ([T8]). We claim that flp 2 (logX>) v has 

not global sections over P _> different from the zero one: if this is not the 

case there is a non trivial injective map Op 2 ffp 2 (logP) v , Op 2 can be 

regarded as a subsheaf of h2p 2 (logT , ) v with 0 < rkO P 2 < rkkVp 2 (\ogVy and 

3 — 2£ 

n{Op 2 ) = 0 > p(flp 2 (logX>) v ) = —-—, which contradicts the stability of 
f^ 2 (logX?) v . 

Now we can state and prove the main result concerning the Torelli problem 
in the case of arrangements with a large number of conics. 


Theorem 5.4. Let V = {Ci,... ,Ci} be an arrangement of smooth conics 
with normal crossings on P J and let 7-L = {Hi ,..., Hi} be the corresponding 
arrangement of hyperplanes on P 5 in the sense of remark 5.1. Assume that: 
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1) £ > 9; 


2 ) n = {H 1 ,...,H e } is an arrangement with normal crossings; 


3) Hi ,..., H? don’t osculate a rational normal curve of degree 5 in P n 


Then 


V = {C C P 2 smooth conic | C satisfies (5.1)}. 


Proof. Let suppose that C G V, then there exists j G {1,... ,£} such that 
C = Cj. If we consider the residue exact sequence for J2p 2 (log2}), that is 


o —► n 1 ^ —> fi^(iogp) 


Ci 


0 


i =1 


and we restrict it to Cj, we get the following exact sequence: 


0 — >• Torf ( OcjiOcj) — >■ ^p2| c —> ^p2(logr , )| c . —* Ocj® 0 0Cinc, —> 0. 




Since the map 


fIp2(logP)| — >0 Cj ® 0 0 Ci 


n Ci 


*=1 


is surjective, we get a non zero map 


^p2(logP) k 


0 c, 


and so 


if°(C,,nP( log©)* ) = Hom(0 Cl ,SlU log©)*) / {0} 


that is C satisfies (5.1). 


Viceversa, let assume that C is a smooth unstable conic for Qp 2 (log\D), we 
want to prove that C G T>. It suffices to show that the hyperplane H C P 5 
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associated to C by means of u 2 is unstable for Op 5 (log?f): namely, if this 
is the case, since hypothesis 1), 2), 3) hold, the Torelli type result of Valles 
assures us that H e H, that is H = Hi for i £ {1,..., £} and so C = Ci G D. 
Since V 2 is a non singular subvariety of P 5 which intersects transversally H, 
from proposition 2.11 of PJ we get the following exact sequence: 


o —> Vlp- —►!!}.-, !i(.gWi |, 5 —> n^tiogH n v 2 ) —> o 


(5.3) 


where My p5 denotes the conormal sheaf of V 2 in P 5 . 


We remark that V 2 = P L and V — H fl V 2 , so (5.3) becomes 


0 —y J\fp2 p5 


^(log ^)| p2 —► nU'ogV) —► 0. (5.4) 


Restricting (5.4) to C and then applying Hom (-, Oc) we obtain the following 


short exact sequence: 


0 ^ 2 (logP)^ —► nJ, B (logW)^ —► (A^ 2>p5|c ) v —> 0. (5.5) 


Finally we apply r(C, •) to (5.5) and we get: 


o H\c,nU\o g v)l) —► H°(c,nUVogH)l). 


By assumption, C is unstable for flp 2 (logP), that is condition (5.1) holds. 
Necessarily it has to be 


H U (C, flp 5 (log?^) |c ) 7 ^ 0. 


(5.6) 


Now, let Iv 2 , p 5 be the ideal sheaf of V 2 in P 5 ; we have this exact sequence: 


-v 2 ,p 5 


O P 5 


o 


v 2 


0 . 


(5.7) 
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Since V 2 (jL H we have 


-v 2 n H, H 


o 


H 


o 


v 2 n h 


0 . 


(5.8) 


By tensor product with Qp 5 (log"H) , (5.8) becomes: 


0 —» ly 2 n h,h <E> (log H) 


fips(log U)] 


np5(log^ 0 —^0. 

(5.9) 


(5.9) induces the following long exact sequence in cohomology: 


0 —* H°(H,l V2 rH,H ® ^(iog?f)|J —► H°(H,nU^gn)l) 

—► H°(C,nU(}ogn)l) —► H\H,lv 2 nH, H ® fip 5 (logH)^). 
To conclude the proof it suffices to show that 

H\H,lv 2nHtH = {0}. 


Indeed, if (5.10) holds, then the map 




is surjective and so, because of (5.6), we get 




(5.10) 


that is H is unstable for f2p 5 (log'H). In order to prove (5.10), we remark 
that, since £ > 9, Op 5 (log7f) is a Steiner bundle over P 5 , i.e. 


0 —> e> p5 (-i) 


£-6 


O^ 1 


n^ 5 (io g n) —>-o 


is exact. Since in the previous sequence all the terms are vector bundles, 
applying ' Hom (•, Ops) we get 


0 —► (log uf 


O^ 1 


O P s(l) 


£-6 
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which, via tensor product with Iy 2;P 5| ff , becomes 


0 —* Iv 2 nH,H ® fip5(log"H) 


V 

Iff 


-v 2 n H, H 


U P 5 | ff 


(5.11) 


-v 2 rH, H 


Ops(l) 


£-6 
Iff 


0 . 


Applying T(H, •) to (5.11) we obtain the following long exact sequence: 

(5.12) 


0 —> I,® SipilogW));) 


H°(H,Xv 2 rH,H ® C^psi ) —> H ( \H,Xv 2 n H ,H ® 0 P5 (i)f: 6 ) 




—* H l (H,X V2nHtH <g) ^{\ogU)\ H ) -^H\H,X mH ® 0^\ h ). 

We remark that 

H\H,I mH ® O p8 (t)fJ = H\H,X v ^ H , H (t)y 

for all i,s,t integers such that i , s > 0. We note also that, if t > 0, then 
H°(H,Xy 2n H,H(t)) is the set of all homogeneous forms of degree t over H 


which vanish at V 2 D H. So the second and the third term of (5.12) are 
trivial. This implies also that 

H\H,X V2nH>H ® ^(logft)*) = {0}. 


In this way (5.12) reduces to 


0 —► H\H,X V2nHtH ® fi^Qogft)*) —► H\H,X V2nH , H y-\ 


If we restrict (5.7) to H and we consider the induced cohomology sequence, 
we get that 

H 1 (H,X V2 rH,H) = C k ~ 1 

where k denotes the number of connected components of V^fl H. Since V^fl H 

□ 


is connected, k — 1 and so (5.10) holds 
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Since isomorphic logarithmic bundles have the same set of unstable smooth 
conics, we have the following: 

Corollary 5.5. If t > 9 then the map 

V i—). f^ 2 (logX>) 

is generically injective. 

Remark 5.6. The hypothesis 1), 2), 3) of theorem 5.4 are necessary in order to 
apply Valles’ result for the case of P 5 . However we don’t know what happens 
for arrangements made of t e {3,..., 8} conics. In the next two sections we 
will describe the cases of t = 1 and t = 2. 
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5.2 One conic 

Arrangements made of one smooth conic are not of Torelli type. In this sense 
we have the following: 

Theorem 5.7. Let C C P 2 be a smooth conic and let T> = {C}. Then 

n^ilogV) ^ TP 2 (—2). 

Proof. Let consider the short exact sequence for h2p 2 (logI?): 

0 —» C> p2 (-2) ^4 C> P 2(-1) 3 —» ^ 2 (logX?) —> 0. (5.13) 


where M is the matrix associated to the injective map defined by the three 
partial derivatives of a quadratic polynomial defining C. Without loss of 
generality we can assume that 


M = 


fx 0 \ 

x \ 

W 


and so, by tensor product with C>p 2 (l) (5.13) becomes the Euler sequence 
for TP 2 (—1), which concludes the proof. □ 


Remark 5.8. From (5.13) we immediately get that our logarithmic bundle 
has Chern classes ci(Op 2 (logP)) = — 1 and C2(flp 2 0 o &'^ ) )) — 1- Moreover, 
since the slope /u(h 2 p 2 (log V)) = —- > —1, Bohnhorst-Spindler criterion tells 
us that flp 2 (logX>) is a stable bundle. So flp 2 (logT ) ) belongs to the moduli 
space Mp 2 (—1,1), which actually contains only the bundle TP 2 (—2), as we 


can see in [22]. This is another way to prove theorem 5.7 


Remark 5.9. The previous theorem confirms the main result of [2HJ in the 
case of one smooth conic. Indeed, the dehning equation of a conic is always 


of Sebastiani-Thom type (see definition 4.5). 
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5.3 Pairs of conics 


Let’s start with a classical result concerning a characterization of pairs of 
conics with normal crossings. 

Theorem 5.10. Let C\ and C 2 be smooth conics in P 2 . 

The following facts are equivalent: 

1) T> = is an arrangement with normal crossings in P 2 ; 

2 ) the pencil of conics generated by C\ and C 2 has four distinct base points 
{P,Q,P,S}; 

3) in the pencil of conics generated by C\ and C 2 there are three distinct 
singular conics with singular points {E, F, G}. 



Figure 5.1: Two conics with normal crossings 

Proof. The equivalence between 1) and 2) is a direct consequence of the 
Bezout’s theorem, for example see mi- 
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So, let assume that 2) holds. Then the three pairs of lines passing through 
disjoint pairs in {P, Q, R, S} are exactly the singular conics in the pencil 
generated by Cj and Cj, which implies 3). 

The main part of the proof is to show that 3) implies 2). Let A, B e GL( 3, C) 
be the symmetric matrices representing Cj and C '2 with respect to the canon¬ 
ical basis C of C 3 . By applying Sylvester’s theorem to B we get that there 
exists G G GL( 3, C) such that 

tGBG = J 3 . (5.14) 

Let A + tB, with i 6 C, be the symmetric matrix representing a generic 
element in the pencil generated by Cj and Cj, we have that 

t G(A + tB)G = l GAG + tl> 

and so 

det( l GAG + tl 3 ) = det(G) 2 det(A + tB). 

Since G is not singular and 3) holds, the matrix A' = t GAG, which is clearly 
symmetric, has three distinct eigenvalues (they are the opposite of the values 
giving singular conics in our pencil), that is A 1 is diagonalizable. This means 
that, if B = {r’o, vi, V 2 } is a basis of C 3 made of eigenvectors of A', (Ao, Ai, A 2 } 
are the corresponding eigenvalues, C = At§(idc 3 ); A = diag( Ao, Ai, A 2 ), then 
the representation of A' with respect to B is 

C- ] A'C = A. 

We remark that we can always assume that C is an orthogonal matrix, i.e. 
t CC = C t C = I 3 . Indeed, first of all we observe that, for i ^ j, from 

< A'Vi, Vj > = < A iVi, Vj > = A i < Vi, Vj > 
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and 


< A!Vi, Vj > = t (A'v i )vj = l ViA'vj = < Vi, A'vj > = Xj < v,, Vj > 


we get that 


which implies 


(A* - A j) < Vi, vj >= 0 


< Vi, Vj > = 0 . 


This means that vq, V\, V 2 are orthogonal with respect to the standard bilinear 
symmetric non degenerate form in C 3 (< v,w >:= t vw for all v,w G C 3 ). 
Moreover they are orthogonal with respect to the scalar product defined by 
A': 

< Vi,Vj >a< = t ViA l Vj = Xj < Vi,Vj > = 0 (5.15) 


for % 7 ^ j. Finally these vectors satisfy < Vi,Vi > 7 ^ 0: if this is not the case, let 
assume for instance that Vq 7 ^ 0 satisfies < Vq,Vq > = 0. By doing the same 


computations as in (5.15), the previous equality implies that < v 0 ,v 0 >a' = 
0. Thus Vq,V\,V 2 are three linearly independent elements of the orthogonal 
complement ^o]" Lj4 ' = {u 6 C 3 j < v 0 ,v >a'— 0}, that is dimc[vo\ ±A ' > 3. 
But we also know that 


dimc[vo] ±A ' = 3 — dime < vq> = 2 
which is a contradiction. 

So, if we fix a choice of square root of < Vi, -ty >, we obtain that B' = 
{ -jzy Vo .A’ 1 is a basis of eigenvectors of A' orthonormal 

1 \/<VO,VO> 1 ^/<Vl,Vl> , y/<V2,V2> i 0 

with respect to the standard bilinear non degenerate form in C 3 and O = 
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M.%,(ides) is an orthogonal matrix such that 


*0A'O = A 


or equivalently 


t {GO)A{GO) = A. 


(5.16) 


From (5.14) we get that 


t (GO)B(GO) = t O( t GBG)0 = t 00 = I 3 . 


(5.17) 


Thus, (5.16) and (5.17) tell us that A and B are simultaneously diagonalizable 
by congruence in the basis B" of C 3 made of the columns of GO. In particular, 
in this frame the equations of C\ and C 2 are, respectively, 


X 0 x 2 0 T X\x 2 T X 2 X 2 — 0 (5.18) 

x 2 0 + x 2 l + x\ = 0. (5.19) 

It’s not hard to see that, if we fix a choice of square root of A 2 — Ai, then C\ 
and C '2 intersect in four distinct points 

[\]X2 — Ai, ±^/Ao — A2, =t\/ X± — Ao] 

which we denote by {P, Q, R , S}. This concludes the proof of 2). □ 

Remark 5.11. As a consequence of the smoothness of C\ and C '2 we immedi¬ 
ately have that any three of {P, Q, R, S} are not collinear. 

Remark 5.12. I 11 order to get from 3) the simultaneous diagonalization of the 
two conics we don’t need that C\ is smooth. 
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Remark 5.13. We can check with direct computations that the elements of 


the basis B" with respect to which C\ and C 2 have equations (5.18) and 
(5.19) are representative vectors in C 3 of the points {E,F,G}. Indeed, let 
{wo, wi, W 2 } be vectors corresponding to {E,F, G} and let {£ 0 ^ 1 , £ 2 } £ C 
such that det(A + UB ) = 0. Since Wi represents the singular point of the 
conic given by A + RB, we have that 


Awi = -UBwi ; 


but from (5.16) and (5.17) we know that 


A= ( t (GO))~ 1 A(GO)~ 1 
B = ( t (GO))~ 1 (GO)~ 1 . 

Thus we get that 

( i (GO))- 1 A(GO)- 1 Wt = -t i ( t (GO))-\GO)- 1 w i 


that is 

A (GOy l Wi = -tilGOY'wi. 

This means that ( GO)~ 1 Wi is an eigenvector of A corresponding to the eigen¬ 
value A i = —ti and, being A a diagonal matrix, ( GO)~ 1 Wi = e*, the i-th 
vector of the canonical basis C of C 3 . In this way we get that ny = (GO)ei, 
the i-th column of the matrix GO, as desired. 

Corollary 5.14. LetV = {C7i, C 2 } be an arrangement of smooth conics with 
normal crossings and let {E, F , G} as in theorem 5.10. Then the matrices as¬ 
sociated to Ci and C 2 in a frame given by representative vectors of {E, F, G} 
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are of the form diag(ai,bi,—l) and diag(a 2 , b 2 , — 1), where a\,bi,a 2 ,b 2 € 

C-{0}. 


Now let’s come back to the Torelli problem. 

Let T> = {Ci, C 2 } be an arrangement of smooth conics with normal cross¬ 
ings and let fip 2 (logP) be the logarithmic bundle attached to it. 


Remark 5.15. Theorem 4. 2| implies that flp 2 (logX?) is a rank 2 vector bundle 
over P 2 with an exact sequence of the form 


C p2 (-2) : 


0 P 2 (-1) 3 © 0 P 2 —> n ] p2 (log V) —> 0. (5.20) 


Its Chern polynomial is obtained by truncating to degree 2 the expression 

( l -*) 3 

(1 — 2 t ) 2 

that is 

log x>)(£) — 1 + t + 3 1 2 . 

In particular its Chern classes are 

ci(flp 2 (log'D)) = 1, C 2 (ftps(logZ>)) = 3. (5.21) 

Moreover its normalized bundle is h2p 2 (logT , ) riorm = fip 2 (logX>)(— 1) with 
Ci(h2p 2 (logl?) nor . m ) = —1 and c 2 (flp 2 (logT , ) riorm ) = 3. If we do the tensor 
product of ( |5.20[ ) with C? P 2 (—1) and then we consider the induced long exact 
cohomology sequence, we get that 

Lf°(P 2 , r2p 2 (log'D) norm ) = {0}, 

that is h2p 2 (logX?) is stable, [18J. The same is true for flp 2 (logP) norm . 
flp 2 (log'D) norm G Mp 2 (—1,3), the moduli space of stable rank 2 bundles on 
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P 2 such that Ci = —1 and C 2 = 3. In general, as we can see in |18j . given a 
vector bundle E in the moduli space Mp 2 (ci, C 2 ), we have that h°(E r ndE) = 1 
(E is simple) and h 2 (EndE ) = 0. The Riemann-Roch theorem implies that 
the Euler characteristic of EndE is x(EndE) = c\(E) — 4c2(F) + 4 and so 

diuiWlp 2 (ci, C 2 ) = h 1 (EndE ) = —c 2 (F) +4c2(E) — 3. (5.22) 

In our case, the previous formula gives us 

dimM pa (-l,3) =8 (5.23) 

but the number of parameters associated to a pair of conics is 10. 

Thus we conclude that such T> can’t be an arrangement of Torelli type. 

In order to describe the pairs of conics giving isomorphic logarithmic 
bundles we need the following: 

Proposition 5.16. Let T> = {Ci,^} be an arrangement of smooth conics 
with normal crossings and let {E,F,G} as in theorem 5.10. Then: 

1) {E, F, G} is the zero locus of the non-zero section of Hp 2 (logT ) ); 

2) the three lines through any two of the points in {E, F, G} are exactly 
the jumping lines of Llp 2 (log D) norm (see figure 5.2). 


Proof. From (5.21) we get that flp 2 (log'D) has one non-zero section with 


three zeroes; we want to prove the zeroes are {E, F, G}. So, let assume that 
A = ( aij ) and B = (bif) are the matrices representing C\ and C 2 with respect 


to the canonical basis of C 3 . From theorem 4.2 we get that Slp 2 (logH) admits 
the exact sequence 


0 —> e> p2 (-2) 2 O p2 (-l) ; 


C>p 2 —> f^ 2 (logP) 


0 


(5.24) 
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Figure 5.2: Jumping lines of 0p 2 (log T>) norm 


where 


M = 


( 2T, 2 i=0 a 0i X i 
2X/j=0®l i X i 
IZtoOKXi 


2E?=o & o %Xi > 

2E?=0 6 li a; < 

ZY.'LohiXi 


V ^2i t j=o^ij x iXj 

We are searching for x = (xo, Xi, X 2 ) € C 3 
M has rank 1, that is the solutions of 


0 

{0} such that the linear part of 


Ax = XBx 


for certain A G C (A is an eigenvalue of AB -1 and x is the corresponding 
eigenvector). I 11 other words, any such x has to be a representative vector 
for the singular point of the conic associated to A — A B and this shows 1). 
The jumping lines of 0p2 (log T)) norm are the lines l in P -> over which this 
bundle doesn’t split as in the Grauert-Mulich theorem urn that is like 

O t ®O e (- 1 ). 
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Equivalently, a line t is a jumping line if it satisfies the following condition: 


logV) norm J-l)) ^ {0}. 


(5.25) 


Since ci(r2p 2 (logD) norm ) = —1, the set of jumping lines is a codimension 2 
subvariety of Gr( P 1 . P 2 ) with degree 

c 2 (fV (log V) norm ) (c 2 (^ p2 (log V) norm ) 1) 


= 3 


that is Vt\, 2 {\ogV) norm has three jumping lines, [22] . 

We want to show that the lines through any two of the points in { E , F, G} 


verify (5.25). In order to do that, we can always assume that the base points 


of the pencil generated by C\ and G 2 are 


P = [1,0,0], Q = [0,1,0], R = [0,0,1], S — [1,1,1], 


(5.26) 


Indeed, there’s a unique projective transformation r : P 2 —» P 2 sending four 


points in general position to the points in (5.26). In this case the equations 
of C\ and G 2 are, respectively, 


xqX\ + ax 0 X 2 + bx 1 X 2 = 0 


XqX\ + CXqX2 + dxix 2 = 0 


where a, b, c, d G C — {0} satisfy 


l + a + b = l + c + d = 0,aj^c, bj^d 


(5.27) 

(5.28) 


(5.29) 


and we have that 


£ = [1,1,0],F=[1,0,1],G= [0,1,1], 


(5.30) 
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The equations of the lines £q, £\, £ 2 through E and F, E and G, F and G are, 
respectively, 


X 0 = Xi + x 2 

(5.31) 

Xi = x 0 + x 2 

(5.32) 

X 2 — X 0 + X 1 . 

(5.33) 


Applying 'Hom (•, Op 2 ) to (5.24) we get the following exact sequence: 


0 —> fiJ, a (logZ>) v —► O p2 (l) 3 © O p2 O p2 (2) 2 —> 0 


(5.34) 


where 


N = t M = 


' Xi + ax 2 Xq + 6 x 2 &Xq + 6 x 1 £ 0 £i + ax 0 x 2 + bx ix 2 


Xi + c £ 2 £0 + dx 2 cx 0 + dx\ 


0 


Restricting (5.34) to we obtain 


0 —► ^(logP)^ —► Op 2 (l)fq © 0 P *\ ti A Op 2 (2)f A —► 0 (5.35) 


where 

Ao = N\g 0 = 
A, = N lh = 
A 2 = A|4j = 


/ x± + ax 2 

£1 + (1 + b)x 2 

£i(a 

+ 4 

+ 

ax 2 

£ 2 + a£^ 

\ £1 + c£ 2 

xi 4 - 

- (1 + d)x 2 

£i(c 

+ d) 

+ 

cx 2 

0 

/ x 0 + (1 + a)x 2 

£0 + bx 2 

£ 0 (a 

+ b) 

+ 

bx 2 

£g + ^£3 

\ Xo + (1 + t 

’)^2 

£0 + dx 2 

£ 0 (c 

+ d) 

+ 

d£ 2 

0 

ax 0 + £i(l + 

a) 

£ 0 (1 + 6) + &£i 

ax 0 

+ 

&£l 

o£q + bx 

C£ 0 + £i(l + 

c) 

£o(l + d) + dx\ 

cx 0 

+ 

dx 1 

0 


Now, the induced cohomology exact sequence of (5.35) is 


0 A°(4^p 4logD)^) //°(^,O p2 (l)| £i ) 3 ® H°(^,O pa|/i ) 4 

H 0 (£ i ,O P 2(2) lei ) 2 H\£i,n^(. log 2%) —► 0 
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where A/o,A/i,A /2 are the following 6x7 matrices: 




/i 0 

1 

0 

a + 5 

0 

1\ 


a 1 

1 + 5 

1 

a 

o + 5 

0 


0 a 

0 

1 + 5 

0 

a 

a 

A/" 0 — 

1 0 

1 

0 

c + d 

0 

0 


c 1 

1 + d 

1 

c 

c + d 

0 


yO C 

0 

1 + d 

0 

c 

0 / 


/ 1 

0 

1 0 

a + 5 

0 

1\ 


1 T O 

1 

5 1 

5 

o + 5 

0 


0 

1 + 0 

0 5 

0 

5 

5 

M = 

1 

0 

1 0 

c + d 

0 

0 


1 + c 

1 

d 1 

d 

c + d 

0 


V 0 

1 + c 

0 d 

0 

d 

0 ) 


' a 

0 

1 + 5 

0 

a 0 



1 T 0 

a 

5 

1 + 5 

5 a 

0 


0 

1 + 0 

0 

5 

0 5 

5 

A /2 = 

c 

0 

1 + d 

0 

c 0 

0 


1 + c 

c 

d 

1 + d 

d c 

0 


V 0 

1 + c 

0 

d 

0 d 

0 / 

By using Serre duality we have that 






H\l i,^(logD)^) = //‘>(« j ,SJ^(log®)| ( ,(-2)) v = 
= /f°(A,Sip»(log®)„ orro |, i (-l)) v . 


Thus it suffices to show that A/"o, A/i, A /2 have not maximal rank. Since (5.29) 
holds, it’s not hard to see that A/"o, A/i, A /2 have rank 5 and this concludes the 
proof. □ 
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Remark 5.17. The previous proposition tells us that there are two ways to 
make a correspondence between the logarithmic bundle h2p 2 (log)D) and the 
points {E, F, G}. 

The main theorem concerning pairs of conics is the following: 

Theorem 5.18. Let T>\ = {Ci,C 2 } and T> 2 = {GpC^} be arrangements of 
smooth conics with normal crossings. Then 

ffp 2 (log'D 1 ) = Op 2 (logX> 2 )- (5.36) 

if and only if V 1 and V 2 have the same four tangent lines. 



Figure 5.3: Four tangent lines of a pair of conics 


Proof. Let assume that (5.36) holds, by using proposition 5.16 we can asso¬ 
ciate to each bundle the same set of points {E,F, G}. From corollary 5.14 
we get that there’s a frame of C 3 made of representative vectors of {E, F, G} 
in which Gi, C 2 , C[, C' 2 have equations, respectively, 


ai^o + bix\ — x\ = 0 
a-2^0 + ^ 2^1 — x\ = 0 


50 







ciXg + d\x\ — x\ = 0 
C 2 £q + d 2 x\ — x\ = 0 


where ai, 61 , a 2 , b 2 , c\, di, c 2 , d 2 G C — {0} and ai 7 ^ a 2 , 61 7 ^ b 2 , c\ 7 ^ c 2 , 

d\ ^ d 2 , — 7 ^ —, — 7 ^ — (these properties assure, respectively, that we 
Gp 0-2 Ci C 2 

have two smooth conics with normal crossings). Our aim is to find relations 


between the coefficients of the previous equations in order to have (5.36). 
We recall the two exact sequences 


0 —> Op 2 (logXh) v —> O p2 (l) 3 © 0 F 2 O p2 (2) 


0 


0 —»■ Op 2 (log V 2 ) v —»• O p2 (lf © Op 2 O p 2 ( 2 ) 


where 


iVi = 


N, = 


' 2aiXo 2b\Xi —2x2 aiXQ + bix\ — x\ 

2a 2 x G 2b 2 xi -2 x 2 0 

( 2ciXo 2d\X\ — 2 x 2 ciXq + dpx\ — x\ 

2 c 2 x 0 2d 2 Xi —2 x 2 0 


M’ = 


(5.37) 


(5.36) is equivalent to the fact that there exist two invertible matrices 

a f3 

7 S 

(E F G h\ 

H I L f 2 
M N O h 
\ 0 0 0 6 ) 

with a,... ,5, E,... ,0,6 6 C and fj = /°x 0 + fjx 1 + ffx 2 , j G {1, 2, 3}, 
complex linear forms, such that the following diagram commutes: 


M" = 


(5.38) 
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0p2(l)^ © (Tp2 -1> 0p2(2) 2 

M" | | M' 

Op 2 (l ) 3 (BO P 2 O p2 (2) 2 

First, let’s equate the coefficients of the matrices M'N\ and N 2 M" that don’t 
belong to the fourth column. We get the following conditions: 


cccq © f3d2 — C\E 


H = M = 0 
abi + /3b2 = d\I 
F = N = 0 
a + f3 = O 
G = L = 0 
7 ai + Sa 2 = c 2 E 
761 + 5b 2 = d 2 I 
7 + 5 = 0. 

These relations reduce to: 


E 

I 


. a 2 n °1 . «2 r 

-a H - p = — 7 H - 0 

(5.39) 

Cl C 2 C 2 

■ b 2 bi b 2 

a + —/3 = —p + —6 

Cii «2 <22 

(5.40) 

= a + /3 = 7 + 5. 

(5.41) 
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If we compute 7 from (5.41) and then we substitute its expression in (5.39) 


we get 


5 


ai(c 2 ~ Ci) 

ci(a 2 - ai) a 


(o 2 c 2 — OiCi) 
Ci(a 2 — ai) 


Thus, (5.41) and (5.42) imply that 


(a 2 ci — aic 2 ) ^ ^ 02(01 — c 2 ) 
ci(a 2 — Oi) ci(a 2 — ai) 


(5.42) 


(5.43) 


Now, by equating the corresponding coefficients of the last column of M'Ni 
and N 2 M" we obtain: 


acii = 2cifi + c i^ 

(5.44) 

abi = 2d 1/2 + did 

(5.45) 

a = 2/| + 6 

(5.46) 

cifl + d 1 f 2 = 0 

(5.47) 

C 1/1 - / 3 ° = 0 

(5.48) 

O 

1 

04 5 

^3 

(5.49) 

701 = 2c 2 fi 

(5.50) 

761 = 2d 2 fl 

(5.51) 

7 = 2/3 

(5.52) 

c 2.fl + d 2 f 2 = 0 

(5.53) 

C2fl ~ ft = 0 

(5.54) 

d2fl - fl = 0 . 

(5.55) 
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First of all, since — 7 ^ —, by using (|5.47|) and (]5.53|) we immediately get 


Cl c 2 


that 


fl = ft = 0 . 


Similarly, equations (5.48), (5.54) and (5.49), (5.55) imply, respectively, that 


fl = fs = 0 


fl = fl = 0 . 


By computing 6 from (5.46), equations (5.44) and (5.45) become, respectively 


p 2 _ C 1 °1 , ,0 


fi = 


' 3 2ci 


+ fi 


n2 _ A A rl 


n = 


2d x 


~a + f2- 


(5.56) 


I 11 particular we have 


0 / d\ — b\ Gp — Ci 


A = 


2d\ 


+ 


At) “ +/2 ‘- 


(5.57) 


Moreover, from (5.50), (5.51), (5.52) we get, respectively, 



(5.58) 

!l = k< 

(5.59) 

h ~ 2 - 

(5.60) 


If we put together (5.56), (5.60), (5.59) and we use (5.43), we obtain the 


following well defined expression for (5\ 


P 


a 2 b 1 c 1 {d 2 - di) + aibi(c 2 di - cid 2 ) + aidid 2 (ci - c 2 ) 
a 2 di(b 1 - d 2 )(ci - c 2 ) 


(5.61) 
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In this way (5.43) and (5.42) become, respectively, 


d 2 {b\ — d\) 

^ di(bi - d 2 ) a 

^ b\d 2 {o> 2 c 2 — aici) + &ic 2 di(ai — a 2 ) — aid\d 2 (c 2 — ci) 

a 2 di(bi — d 2 )(ci — c 2 ) 

Thus, if we choose a G C — {0} and if the condition 


(5.62) 

(5.63) 


(&i - d 2 )c 2 di + (di - bi)c±d 2 ^ 0 


(5.64) 


is satisfied, then the matrix M' in (5.37) is invertible. 


By using (5.57), (5.58), (5.59) and (5.62) we get the first resolubility condition 


for our system of equations: 


aibi(c 2 di — ad 2 ) + b\C\C 2 (d 2 — d\) + a\d\d 2 {c\ — c 2 ) — 0. 


(5.65) 


With (5.62) we are able to compute final expressions for /,°, /j, /|, 9 ; in par¬ 
ticular we have 


_ bi(di — d 2 ) 
di(6i - d 2 ) a ' 


Moreover, (5.39) and (5.41) become, respectively, 


O = 


bi(d\ — d 2 )(a\ — a 2 ) 

h/ =- (y, 

di(h - d 2 )(c\ - c 2 ) 

(oi — ci2)[ c 2di(&i — d- 2 ) + C\d 2 (di — &i)] 
a 2 di{bi — d 2 )(ci — c 2 ) 


-a. 


(5.66) 


(5.67) 

(5.68) 


We observe that 6, E,0 G C — {0} (for O see condition (5.64)) 


By using (5.40) with (5.61), (5.62), (5.63) we get the second resolubility 
condition: 


bib 2 (a 2 - a±)(cid 2 - c 2 di) + did 2 (ci - c 2 )(aib 2 - a 2 bi) = 0. (5.69) 
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Finally, from (5.40) we get 


I 


di(a 2 bi — 0162) [^2(^2 — Ci) — 61C2] + &1C1 [a- 2 di(bi — b 2 ) + b 2 d 2 (a 2 — ai)] 
-Q? 

a 2 df(bi - d 2 )(ci - c 2 ) 


( 5 . 70 ) 


If also / is different from 0, that is if 


di(a 2 &i-a 1 & 2 )M 2 (c 2 -c 1 )-& 1 c 2 ]+&ic 1 [a 2 <ii(&i-& 2 )+& 2 d 2 (a 2 -ai)] 7^ 0 (5.71) 


is satisfied, then the matrix M" in (5.38) is invertible. 


Tims, flp 2 (logXh) = f^ 2 (log£> 2 ) if and only if (5.65), (5.69), (5.64), (5.71) 


are verified. Let’s start by solving (|5.65 ) and (5.69): if we fix a 1; 61 , a 2l 6 2 , ci, c 2 , 


for the remaining coefficients we get 
d\ = 


d 2 = 


6i6 2 ci(a 2 - ai) 

( 5 . 72 ) 

aib 2 (a 2 - ci) + a 2 6i(ci - ai) 

bib 2 c 2 {a 2 - ai) 

( 5 . 73 ) 

ai6 2 (a 2 - c 2 ) + a 2 6i(c 2 - 01) ’ 


So, the the matrix associated to C[, i G { 1 , 2 }, is of the form 


( C-i 

0 


0 

b\b 2 Ci{a 2 - ax) 


0 \ 
0 


aib 2 (a 2 - Ci) + a 2 bi(ci - ai) 

Vo 0 -1/ 


If we put ti = 1 ——then (15.741) becomes 


ai(c-i - a 2 ) 

01(12(1 T t 


( 


\ 


CL-2 + tjOi 

0 

0 


0 

6162(1 + ti ) 

62 + Ubi 

0 


0 \ 

0 

-1 ) 


(5.74) 


(5.75) 


(5.75) is equivalent (up to scalar multiplication) to the diagonal matrix 

C(t i ) = (A - 1 + t i B ~ 1 )- 1 (5-76) 
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where A = diag(ai,bi, —1), B = diag(a, 2 ,b 2 , —1) are the matrices associated 
to C i and C' 2 . As we can see in m, if C C P 2 is a smooth conic represented 
by a matrix M, then the dual conic C v C P jV is defined by the inverse 
matrix M~ l . So, the four tangent lines to C\ and C 2 become, in (P 2 ) v , the 
base points for the pencil of conics generated by A and B _1 . Coming back 
to P 2 , these points correspond to the four tangent lines to C\ and C' 2 , as 


desired. We remark that this implication is true when the elements of (5.75) 


satisfy the open condition (5.71) ((5.64) is always true). 

Viceversa, let assume that T>i and V 2 have the same tangent lines, we want 
to prove that the corresponding logarithmic bundles are isomorphic. Since 
C\ and C '2 have normal crossings, we can suppose that they are represented, 
respectively, by A = diag(ai, b\, — 1) and B = diag(a 2 , 62 , — 1), as above. If 
the two pairs of conics have the same tangent lines, C ( v and C 2 J live in the 
pencil generated by Ci v and C 2 ', that is C[ and C' 2 are represented by matri¬ 
ces as in (5.76) (or, equivalently, as in ( 5.75|)) . Clearly these matrices satisfy 


(5.65), (5.69), (5.64). If also (5.71) holds, then fip 2 (logZ>i) = flp 2 (log77 2 ), 
which concludes the proof. □ 

Remark 5.19. The previous theorem asserts that the isomorphism class of 
1^2 (log D) is determined by the four tangent lines to T>. It is confirmed also 


by dimensional computations: indeed, as we can see in (5.23), Dp 2 (logP) norm 
lives in the 8 -dimensional moduli space Mp 2 (—1,3) and four lines in P 2 are 
determined exactly by 8 parameters. I 11 particular, all the vector bundles in 
M P 2 (—1,3) are logarithmic. 

Remark 5.20. In the proof of theorem 5.18 we use the fact that isomorphic 
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logarithmic bundles correspond to the same set of points {E,F,G}. This 
condition is necessary but not sufficient. Indeed, if T >i and T >2 are made of 
conics in the same pencil, then the zero locus of the section of h2p 2 (log'Di) 
coincides with the zero locus of the section of fip 2 (logD 2 ) but these bundles 
are not isomorphic, since T>\ and T >2 have not the same tangent lines. 



Chapter 6 


Many higher degree 
hypersurfaces in the projective 
space 


6.1 A generalization of conic arrangements 
case 

The arguments used for arrangements of at least 9 conics can be extended 
in a natural way to families with a large number of higher degree smooth 
codimension 1 objects with normal crossings on the complex projective space. 
Let T> = {Di,...,De} be an arrangement of smooth hypersurfaces of the 
same degree d > 2 with normal crossings on P n , with n > 2. If n — 2 
each Di reduces to a curve and we can assume that d > 3. We denote by 
h2p„(logT ) ) the corresponding logarithmic bundle. 

Remark 6.1. According to ra, the Veronese map of degree d, that is 

v d : P" —> P^' 1 

[xo, • • • ,X n ) I —> [... X 1 ...] 
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where N = and x 1 ranges over all monomials of degree d in xq, ... ,x n , 

allows us to associate to D a hyperplane arrangement H = { Hi,..., He} on 
P N_1 . As in the case of conics, we want to recover the elements of D through 
this link with hyperplanes. 


Remark 6.2. Theorem 4.2 implies that Op„(log T>) admits this short exact 
sequence 


0 —► 0 F n(-dy —► O pn(-l) 


l ^ m ( i ^+1 0 q £-l 


' pn 


Opn(log'D) —> 0; 


we get that ffp„(logT ) ) V is stable if and only if Ci(r2p„(logP) V ) < 0 which is 
equivalent to say that 


> 


n + 1 
d ' 


( 6 . 1 ) 


Thus, as in remark 5.3, if i satisfies the previous inequality then h2p„(log'D) v 
has no global sections on P n different from the zero one. For this reason 
we are allowed to introduce the notion of unstable hypersurface as in defini¬ 
tion 15.21 


Definition 6.3. Let D C P n be a hypersurface of degree d. 

D is said to be unstable for f2p„ (log "D) if 

H°(D,npn( logV)l)Y{0}. (6.2) 

We have the following: 

Theorem 6.4. Let V = {D\, ..., Dg} be an arrangement of smooth hyper¬ 
surfaces of degree d > 2 with normal crossings on P n , with n > 2. Let 
H = {Hi,..., Hg} be the corresponding hyperplane arrangement in P^ 1 , 
with N = • Assume that: 
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1) £ > N + 3; 


2) ft is an arrangement of hyperplanes with normal crossings; 

3) Hi,... ,Ht don't osculate a rational normal curve of degree N — 1 in 

pN— 1 


Then 

{D 


V is equal to the following set: 


C P n smooth irreducible hypersurface of degree d | D satisfies (6.2)}. 


Proof. We can apply the same double-inclusion argument of theorem 5.4 In 


particular, the first part follows from the residue exact sequence (4.1) for 
flp„ (log V) and the second part is a consequence of the short exact sequence 
given in proposition 2.11 of [9j 


JSI u d { P"),P iv - 1 


flp„(log-H) L 


■d( pn ) 


o 1 

Wd(P r 


)(logft n p rf (P n )) —> o. 


□ 


Remark 6.5. It’s not hard to see that the first hypothesis of theorem 6.4 


implies condition (6.1). 


Corollary 6.6. If £ > + 3 then the 


map 


V 


fip„(logZ>) 


is generically injective. 
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Chapter 7 


Arrangements of quadrics in 
the projective space 


7.1 One quadric 

Theorem 5.7 that holds for one smooth conic in P J can be generalized to 
n > 3. In this sense we have the following result: 

Theorem 7.1. Let Q C P" be a smooth quadric and let V = {Q}. Then 


Op„ (log V) = TP n (— 2). 


(7.1) 


Proof. The isomorphism (7.1) is a direct consequence of the exact sequence 


0 P n(-2) —)• C p2 (-l) n+1 —> ^„(logP) —)• 0. 


□ 


Remark 7.2. Theorem 7.1 points out that T> and an arrangement Pi made 
of n T 2 hyperplanes with normal crossings on P" behave in a similar way. 


Indeed, as we can see in proposition 3.14, Op„(logP) = f2p„(log'H)(—1). 


62 





7.2 Pairs of quadrics 

The case of pair of conics in P 2 can be extended to the case of pairs of 
quadrics in P", with n > 3. 

Theorem 7.3. Let Q i and Q 2 be smooth quadrics in P n . 

The following facts are equivalent: 

1 ) D = {Qi,Q 2 } is an arrangement with normal crossings in P n , that is 
Q 1 nQ 2 is a smooth codimension two subvariety; 

2) in the pencil of quadrics generated by Q 1 and Q 2 there are n +1 distinct 
singular quadrics with singular points {u 0 ,..., v n }. 

Proof. Let assume that 2) holds. Then, by using the same arguments of 
the proof of theorem 5.10 we get that there’s a basis B" of C n+1 made of 
representative vectors of the points {/%, with respect to which Qi 

and Q 2 have equations 


Ao^o + • • • + A nX^ — 0 

(7.2) 

x 2 0 + ... + x 2 n = 0. 

(7.3) 


where A* G C — {0}, A * ^ A j, are the opposite values of the parameters 
giving the singular quadrics in the pencil of Q\ and <52- Now, let P = 
(xo, • • •, x n ) G QiDQ 2 , let say xq ^ 0; we want to prove that Q\ and Q 2 have 
normal crossings at P. It’s not hard to see that the tangent spaces TpQ 1 and 
TpQ 2 are given by, respectively, 


Ao^o^o + • 

. . ~h \ n X n X n 0 

(7.4) 

X 0 X 0 + • • 

• “1“ %n%n 0* 

(7.5) 
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The matrix associated to the system of equations (7.4) and (7.5) is 

Ao^O • • • ^ri'Kr 

Xq ... x n 

and it is clearly of rank 2. Indeed, we can always find % G {1,... ,n} such 
that 

A 0 ^0 A iXi 

= ^o^i(A 0 - Ai) 7 ^ 0 . 

X 0 Xi 

If this is not the case, since by hypothesis Ao ^ A, and xq ^ 0, we get 
Xi = 0 for all i G n}, that is P = (x 0 , 0,..., 0). This leads to a 


contradiction because the coordinates of P have to satisfy (7.2) and (7.3). 


So dimdTpQi n T P Q 2 ) = n + 1 — 2 = n — 1, that is Q i and Q 2 have normal 
crossings in P. 

Now we want to prove 2) from 1). Let A = {fljj} and B = {bij} be symmetric 
elements of GL(n+ 1, C) representing Qi and Q 2 and let A+tB be the matrix 
of a generic quadric in the pencil generated by Q i and Q 2 . Suppose that 2 ) 
is not true, that is the equation 


det{A + tB) = 0 


(7.6) 


has a root with multiplicity at least 2. Let consider the multilinear map 


C 2 x C n+1 x C n+1 


C 


defined by 

n 

0 ((^O) ^l)> (x 0 , • ■ • , X n ), (j/o5 ■ ■ ■ j Vn)) 'y ] Viito^ij T N b%j)Xj. 

i,j =0 

(f) corresponds to the 3-dimensional matrix A = {cq 0 iii 2 } of format ( 2 ,n + 
l,n + 1) with A in the first vertical slice and B in the second one. 
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Figure 7.1: The 3-dimensional matrix A 


By using Schlafli’s method (for more details see [T3], |2TJ and [20]), we 
can associate to A a family of [n + 1) x {n + 1) ordinary matrices A(t 0 , t\) 
with entries 


•^■{ToAl)hi 2 ®0iii2”h) T OL\i^T\ 0*1*2^0 T &*i*2^"l 
that is we have a linear operator 

A: C 2 —» C n+1 x C n+1 . 

Since the 3-dimensional hyperdeterminant of format (2,n + l,n + 1) is non 
trivial, we can associate to A a polynomial function defined by 

Fa{t 0 ,ti) = detA(r 0j Ti ) 

which is a homogenous form in r 0 , T\ of degree n + 1. Denote by A(Fa) the 
discriminant of Fa- it is a polynomial in a ioili2 of degree 

deg{A{F a)) = 2n(n + 1) 
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and it is divisible by the hyperdeterminant Det(A), which has the same 
degree. So there exists k £ C — {0} such that 

A (Fa) = kDet(A). (7.7) 


We remark that 


(n+l)n p, —_ 

a ™ = (-1)^7 

i<j 


where 7 n+ i is the leading coefficient of (7.6) and to, • • • An are its roots. By 


assumption, A (Fa) reduces to 0 and, since (7.7) holds, the same is true 
for Det(A). This implies that the 3-dimensional matrix A is degenerate, i.e. 
there exists a non zero (to, ti)<E)(^o, • • •, T n )<S>(l/o, • • •, Vn) e C 2 ®C n+1 ®C n+1 
such that 


0(C 2 ,(x o ,...,x n ),(y o ,...,yJ) =0 
0((t o ,ti),C n+1 ,(y o ,...,pJ) = 0 
0((t o ,ti),(x o , ...,x n ),C n+1 ) =0. 


After a linear change of coordinates we may assume that (t 0 ,ti) = (1,0), 
(x 0 , .. ■, x n ) = (1, 0,..., 0) and (y 0 , ..., y n ) = (1, 0,..., 0). We immediately 
get that a 0 j = 0 for all j e (0,..., n} and b 00 = 0, i.e. A becomes as in figure 
7.2. Thus Q i is not smooth and V = {Qi,^} das not normal crossings at 
the point P = (1, 0,..., 0), which is a contradiction. 

□ 


Remark 7.4. If in the pencil of quadrics generated by Q i and Q 2 there are 
n + 1 distinct singular quadrics Q 0 ,..., Q n , then rank(Q i ) = n, that is 
is a cone, say with vertex for all i G (0,... ,n}. Indeed, let A and B be 
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Figure 7.2: A after the linear change of coordinates 

symmetric matrices in GL(n + 1, C) representing Q\ and Q 2 . By hypothesis, 
the equation 

det(AB~ l + tl n+ 1 ) = 0 

has 71 +I non zero distinct solutions, which implies that the matrix — AB _1 
has n+1 distinct eigenvalues t 0 ,..., t n . So 

rank(Q i ) = rank(A + tiB ) = rank(—AB [ — Ul n+ 1 ) = n. 

In particular, the singular point Vi of Q t is an eigenvector of — AB corre¬ 
sponding to the eigenvalue +. 

Remark 7.5. Let Q 1 and Q 2 be smooth quadrics with normal crossings 
and let {v 0r ,., ,v n } as in theorem 7.3. Then the matrices associated to 
Q 1 and Q 2 with respect to a basis of C n+1 made of representative vec¬ 
tors of the points {no,..., v n } are of the form diag(ao, a ±,..., a n _ 1 , —1) and 

CL' b' 

diag(bo, b\, ... ■, b n ~i, — 1), where ai,bi G C — {0}, a, 7 ^ b t and — 7 ^ -b, for 

", 

all 7 , j G {0,... ,n — 1} (we remark that our quadrics are smooth and in the 


67 





pencil generated by them there are n + 1 singular quadrics). 


Remark 7.6. Let Jlpn(log'D) the logarithmic bundle attached to an arrange¬ 


ment of smooth quadrics with normal crossings T> = {Qi,^}- Theorem 4.2 
asserts that it is a rank n vector bundle over P n such that 


Opn ( — 2) 2 - y Opn) — 1) 


71+1 


o T 


Qpn(logV) —)• 0 (7.8) 


is exact. So the Chern polynomial p{t) of r2p„(log'D) is obtained by truncat¬ 
ing to degree n the expression 

(1 - t) n+1 


(1 - 2 1) 2 


E ( n t(- x ) v 


7=0 


J22 k (k + l)t k 

k> 0 


that is 


Pni (io g v)(t) ~ E 


±[ n+ h 1 Y-l) h 2- h (m~h + 1) 


t m . 


771=0 L/?=0 

In particular the n-th Chern class of h2p„ (log V) is 


<:„!!+.(lo« Dj) = V (" + 1 j(-l)»2"-*(n - h + 1) = 




Moreover, (7.8) tells us that 


H°(P n , h2p„(log V)) = C. 


Thus h2p„(logP) has one non-zero section with n + 1 zeroes. 

The arguments used for the proof of proposition 5.16 part 1) naturally 
extend to the case of P n , n > 3. The key idea is that the singular points 
{no, • • •, v n } of the cones Q 0 ,..., Q n are the eigenvectors of AB -1 . In this 
sense we have the following: 
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Proposition 7.7. Let V = {Qi,Q 2 } be an arrangement of smooth quadrics 
in P" with normal crossings. Then {t’o,... ,v n } is the zero locus of the non¬ 
zero section of f2p„ (log V). 

In order to state and prove the main result concerning pairs of quadrics in 
the complex projective space, we recall that, given a smooth quadric Q C P'\ 
the dual quadric of Q is Q v C (P") v given by the tangent hyperplanes to Q. 
In particular, if Q is represented by a symmetric nx n matrix G, then Q y is 
associated to G~ x . The set of tangent hyperplanes to two smooth quadrics 
with normal crossings in P", Qi and Q 2 , is the base locus of the pencil of 
quadrics in (P n ) v generated by Qf and Qf , that is Qf D Qf. 

We have the following: 

Theorem 7.8. Let V t = {Qi,^} and V 2 = {Q \, Qf} be arrangements of 
smooth quadrics with normal crossings in P n , with n > 3. Then 


Q ] pn (log Vf) = TtU (log V 2 ) (7.9) 


if and only if V \ and V 2 have the same n + 1 tangent hyperplanes, that is 


Q\^Ql= Qi n Q'ff. 


Proof. Suppose that (7.9) holds. Then, by using proposition 7.7 and remark 


7.5, we can assume that Q 1 , Q 2 , Q[, Q' 2 have equations, respectively, 


2 1 2 1 1 2 2 r \ 

a 0 x 0 + a 1 x 1 + ... + a n _ ix n _ x - x n = 0 
60^0 + h ix\ + ... + b n -ixl_ x -xl = 0 

2 1 2 1 1 2 2 a 

c 0 x 0 + c 1 x 1 + . . . + C n _ iX„_! - x n = 0 

d 0 xl + d x x\ + ... + d n _ I^ n _ x - X 2 n = 0 

where the coefficients satisfy the properties stated in remark 7.5. Saying that 
the two logarithmic bundles are isomorphic is equivalent to the fact that we 
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can find two invertible matrices 



/a /A 


M’ = 

U J 


( e 1a . 

£1,71+1 

h \ 

£2,1 

£2,71+1 

/2 


M" = 


£71+1,1 • • • -£71+1,71+1 fn+1 

V 0 ... 0 e ) 


(7.10) 


(7.11) 


n 

with a, (3,^,6, Ei j,6 e C and fj = ^/jx; complex linear forms, such that 

3 =0 

the following diagram commutes: 


Opu(l) n+1 © Opn O pn(2) 2 

M" | | M' 


Opn.{ l) n+1 © O 


n 2> 


Opn (2)" 


where 
N\ = 

N 2 = 

Let’s equate the entries of the 2 x (n + 2) matrices M'Ni and N 2 M we 
immediately get that if i 7 ^ j then = 0. The first non trivial conditions 
are: 

Hr, /in n r\ 7ln 

(7.12) 


2 a 0 x 0 • 

• • 2a r) ,_ 1 x n _i 

2 x n 

a 0 xg + . 

• • + On-l^n-i 

26 0 a;o • 

• • 26„_ix n _i 

2 x^7, 


0 

2 c 0 x 0 •. 

2 c n _ix n _i 

2 x n 

Co^o + • • 

•+ C n _iX^_ 1 

2d 0 x 0 •. 

2d n _i^7i_i 

2 x n 


0 


a 0 b 0 a 0 bo 

E 1,1 = —a H- p = —7 + —6 

Co Co «o «0 

7-1 °1 , 61 © ^1 c 

£2,2 = —a H- p = ~rl + -r^ 

Ci Ci di d\ 


(7.13) 
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a 2 b 2 „ a 2 b 2 

£3,3 = —« H- P = , 7 + -^-<5 

C 2 C 2 d 2 d 2 


(7.14) 


771 a n.-l . b n —l a CLn- 1 bn—1 r 1 K \ 

En, n = ~ -- p = -r - 7 + "3 - 0 (7.15) 

Cn—1 C n _i ®n—1 dn—1 

E n + l , n+l = Ol + f 3 = 7 + 5 (7-16) 


For the moment we don’t care about equations from (7.13) to (7.15), we 
will use them afterwards in order to get n — 1 resolubility conditions for our 
system. From equations (7.12) and (7.16[) we find 


and 


_ ao(do — Co) (bodo — aoCo) „ 
co(b 0 -a 0 ) a c 0 (b 0 -a 0 ) 

(b 0 c 0 — «odo) bo(cg — do) 


7 = 


-OL -\- 


P- 


(7.17) 


(7.18) 


c o(^0 — a o) c o(bo — CL 0 ) 

If we consider the last column of M'N\ and N 2 M" we obtain, for the first 


entry 


aa 0 = 2 co/i + ^ c o 

(7.19) 

aa\ = + 9 ci 

(7.20) 

aa 2 = 2c 2 fl + 6c 2 

(7.21) 


— 2 c n _i/” 1 + 9c n -1 

(7.22) 

ol = 2/” +1 + 0 

(7.23) 

c o/i + C 1/2 = 0 

(7.24) 
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co/r 1 + c n _!/ n ° = 0 (7.25) 

Cofi - fn+i = 0 (7.26) 

Cifi + C2fi = 0 (7.27) 

d/r 1 + Cn^fl = 0 (7.28) 

ci/ 2 n - /,Ui = 0 (7-29) 

^n— 1 fn ~ fn+1 = 0 (7-30) 

and for the second entry 

7 a o = 2d 0 /i° (7.31) 

7«! = Sdi/s 1 (7.32) 

7«2 = 2 d 2 fl (7.33) 

7 a «—i = 2d„_i/” _1 (7.34) 

7 = 2/” +1 (7.35) 

dofl+duf^O (7.36) 

c^o/r 1 + 4-i/° = 0 (7.37) 

dofi - fn+i = 0 (7.38) 

^ 1/2 + d?fl = 0 (7.39) 
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dlf% 1 + dn-l/n = 0 


( 7 . 40 ) 


difZ - fl + ! = 0 


(7.41) 


dn-lf n n - / n n +l = 0. 


(7.42) 


By using equations (7.24),..., (7.30) and (7.36), ..., (7.42) (that is conditions 


coming from coefficients of XiXj with i ^ j) and remembering the properties 
of Co,..., c n - 1 , do,, d n _i, we get that if j — i ^ 1 then /j = 0. So each 
linear form reduces to /, = In order to determine these coefficients 


we consider equations from (7.19) to (7.23) (actually these are n + 1 relations) 
and we get 


fl = 


a f a o 

c 0 
a / a,2 
2 Ics 


™-i _ “ [ a ^-i 
n 2 l c n _! 


1)+ '»■ 

(7.43) 

1) + A 1 

(7.44) 

-s) + * 

(7.45) 

y) + 

(7.46) 


6 = —a - V\- 

Cl 


Moreover equations from (7.31) to (7.35) tell us that 


(7.47) 


A° = —7 

Jl 2d 0 7 

,i «i 
/2 = 2^ 7 


(7.48) 

(7.49) 
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(7.50) 


fl 


2d 2 


cn—l a n-l 


rn—L _ 

J n 


rn _ 

J n+1 


2d n —\ 
7 


7 


(7.51) 

(7.52) 


By using (7.46), (7.52), (7.49) and the expression for 7 given by (7.18) we 
get 

_ ai&oCo(ci — di) + aoC\di(do — Co) + cio^CcWi — Cido) /„ 

^o c i( c o — d 0 )(di — ai) 


This implies that (7.18) and (7.17) become, respectively, 


and 


d: 1 (fll Cl ) 

7 = 7 -TT" 

ci(ai - di) 


j- ai<ii(&odo — clqCq) + aiCid 0 (ao — &o) — Oo c i^i(^o — c o) 

b 0 ci(c 0 - d 0 )(a 1 - di) 


(7.54) 


(7.55) 


We remark that (7.53), (7.54) and (7.55) are the same formulas that we found 
in the case of two conics in P 2 (indeed only the coefficients of x q and x\ of 
the four quadrics are involved). As in that case, if we choose a G C — {0} 
and the following property holds 


ai(cid 0 — Ccidi) + c i^i( c o — do) 7^ 0 


(7.56) 


then the matrix M' introduced in (7.10) is invertible. Moreover, if we consider 


(7.54) together with equations from (|7.47|) to (7.52) we get 


fr 1 = ~% vie 


2dj-\C\(a\ — di) 


(7.57) 
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(7.58) 


xn _ 

J n+1 


d\ ((2x — Ci) 

/n+1 = 2ci(ai — d\) 

ai(ci — d \) 
t) = — ; -—a. 


a 


ciK-^r - (7-59) 

Since we have two ways to compute f®, /|,..., /™ _1 , we get n — 1 resolubility 

conditions for our system involving the coefficients of the quadrics. In this 


sense, let consider equations (7.43) and (7.57) for j = 1, j = 2, we have 


flo®i(cido — codi) 4“ cqcodo(di — Ci) 4~ aoCidi(co — do) — O’ 


(7.60) 


Similarly, if we consider equations (7.44) with (7.57) for j = 2, j = 3 we get 


aia 2 (c 1 d 2 - c- 2 di) + aic 2 d 2 (d 1 - ci) + a 2 cidi(c 2 — d 2 ) = 0 


(7.61) 


and so on. Finally, equations (7.45) and (7.57) for j = 2, j = n give us 


l(cidn —i c n _idi) 4“ cqc n _id n _i(di Ci) 4~ ®n—iCidi(c n _i d n — i) 0 

(7.62) 


(in order to get all these relations it suffices to find (7.60) and then to change 


the index 0 with j e {2,3,... ,n — 1}). Now, let come back to equations 


from (7.13) to (7.15). If we substitute in these equations final expressions for 


/3, 7 ,d we get, respectively, 


cq&i(&o — ®o)(Q)di — Cid 0 ) 4* Cidi(co — do)(cto^i — oq&o) — 0 (7.63) 

aia 2 b 0 (c 0 - d 0 )(c 2 di - cid 2 ) 4- aib 0 b 2 (di - ci)(c 2 d 0 - c 0 d 2 ) 4- (7.64) 

-\-o,Qd\b 2 (c 2 — d 2 )(cid 0 — Codi) 4- Cidi(c 2 — d 2 )(co — do)(uo ^2 — o 2 &o) = 0 
aia 3 b 0 (c 0 - d 0 )(c 3 di - Cid 3 ) + ai 6 0 & 3 (di - ci)(c 3 d 0 - c 0 d 3 ) + (7.65) 

4 -ao°i^ 3( c 3 — d 3 )(cido — Codi) 4- Cidi(c 3 — d 3 )(co — do)(ao & 3 — a 3 b 0 ) = 0 
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«l«n-lfro(Co — ^o)(c n -l^l — C\d n -i) + 


(7.66) 


+aibob n -i(di — d)(c n -id 0 — co<i n -i)+ 


+aoaib n -i(c n -i — d n -i)(cido — codi) + 

-\~Cidi(c n —i C? n _i)(Co C?o)(0'0^n—1 ®n—l^o) O’ 


We remark that (7.63) is exactly condition (5.69) that we got in the case of 


conics. Moreover, in order to get the other relations it suffices to fold (7.64) 


and then to write 3,4,... ,n — 1 instead of the index 2 (namely + 7 and 6 
depend only on the coefficients of the quadrics indexed by 0 and 1). By using 


equations from (7.13) to (7.15) we can find expressions for T+: 


_ ai(ci - d 1 )(a 0 - b 0 ) 
1,1 Ci(ai — Gh)(c 0 — do) a 


(7.67) 


Eii — 


ci(ai & 0 - acA-i)[<ii(do - c 0 ) - M 0 ] + aiQ+o+aj-i - M) + Md+o - a 0 )] 


6 0 ciCi_i(cb - d 0 )(ai - di) 


a 


for all i e {2,3,..., n} and 


E, 


72+1,71+1 


(ao — 6 o)[ a i( c i+ — Codi) + c+i(c 0 — do)] 


a. 


(7.68) 


(7.69) 


b 0 ci(c 0 - d 0 )(a 1 - di) 

If n — 2 these coefficients reduce to E,I,0 of the proof of theorem 5.18. 


Thus the matrix M" introduced in (7.11) is invertible if and only if, fixed 


a E C — {0}, besides (7.56), for all i e {2,3,..., n} hold 


Ci(ai-ib 0 —aobi-i)[di(do—Co)—aid 0 \+aiColb 0 ci(ai-i—bi_i)+bi-idi(bo—ao)] ^ 0 . 

(7.70) 
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In this way we have that h2p„(logPi) = flp„(log77 2 ) if and only if relations 
from (7.60) to (|7.66 ) hold (they are 2 n — 2), with the open conditions (7.56) 


and (7.70) (they are n). So, let fix ao,..., a n _i, bo, ■ ■ ., 6 n - i, cq, do and let 


consider equations (7.60) and (7.63): with the same computations of the 


case of conics we immediately get that 

ai&iCo(&o — °o) 


Cl = 


d\ = 


®o^i(^o — c o) + ai& 0 (c 0 — ®o) 

aibido(bo — ao) 
o-obi(bo — do) + a\bo(do — ao) 


(7.71) 


(7.72) 


Now, let substitute these expressions of c\ and d\ in (7.61) and (7.64): these 


equations become, respectively, quadratic and linear with respect to C 2 and 
d 2 . With some computations we get 

«2^2Co(fro — ao) 


c 2 = 


do — 


aob 2 (bo — Co) + a 2 &o(co — a 0 ) 

a 2 & 2 do(&o — ao) 
ao^^o — do) + a 2 &o(do — ao) 


(7.73) 

(7.74) 


and so on. Finally the pair of equations (7.62) and (7.66) gives us 


^-71—1 


dji—i 


^n—l^n—l^oipO ^o) 


aobn-i(bo — Co) + a n _i&o(co — a o) 
o n -ib n -ido(bo — ao) 


a 0 b n - 1 (b 0 — do) + a n -ibo(do — a o) 
Thus the matrices representing Q\ and Q' 2 are, respectively, 


(7.75) 

(7.76) 


/ c 0 

0 

0 

VO 


0 

ai&iCo(&o — ®o) 


o-obi(bo — Cq) + aifeo(co — ao) 


a n -ib n -iCo(bo — do) 


a 0 b n -i(bo — Co) + a n _i&o(co — ao) 
0 


0 \ 

0 

0 

-1 
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(d 0 0 ... 0 \ 

Q aiMoQo - a 0 ) Q 

ao6i(&o — do) + aibo(do — a o) 

g g O"n-ib n -ido(bo — ao) g 

aoK-i(b 0 — do) + a n _ib 0 (do — ao) 

VO ... 0 -1/ 

If we introduce t = 0 — ^4 and s = - 44 the previous matrices 


ao(co — bo) 


ao(do — bo) 


become, respectively, 
a o^o(l + 1) 


( 


b 0 + ta 0 
0 


0 

ai6i(l + 1 ) 

bi + tai 


&n—lbn— l(l "h t) 


\ 


0 

a o^o(l + s ) 
6 0 + sa 0 

0 



0 

ai6i(l + s) 
bi + sai 


0 \ 

0 

0 

- 1 / 
0 \ 
0 


(7.77) 


V 


0 

0 


g a n _i& n _i(l + s) g 

bn— 1 "h Sd n — 1 


(7.78) 


that the entries of (7.77) and (7.78) have to verify the open conditions given 


in (7.70) ((7.56) is always satisfied). For the other direction, we can work as 
in the last part of the proof of theorem 5.18. □ 


0 - 1 / 

that is they are equivalent (up to scalar multiplication) to (A -1 + tB 1 ) 1 
and ( A~ l + sF> _1 ) -1 , where A and B are the diagonal matrices associated to 
Qi and Q 2 - By applying the same duality argument of the case of pairs of 
conics we get that T> 1 and V >2 have the same tangent hyperplanes. We remark 
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Chapter 8 


Arrangements of lines and 
conics in the projective plane 


8.1 The case of a conic and a line 

Let V = {r,C} be an arrangement with normal crossings in P 2 made of a 

line r and a smooth conic C. Assume that r = {ax 0 + f3x\ + 7 x 2 = 0 } and 

2 

C = {/ = 0 } where / = ^ a^XiXy As usual, we denote by f 2 p 2 (logP) the 

i,j =0 

associated logarithmic bundle. 



Figure 8.1: A line and a smooth conic with normal crossings 
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Theorem 4.2 assures us that f2p 2 (l°gP) admits the short exact sequence 
0 —¥ e> P 2 (-l)® 0 P 2 (- 2 ) ^4 C> P 2 (-l) 3 ®C>p 2 —¥ fi p 2 (logT>) —¥ 0 ( 8 . 1 ) 


where M is the 4x2 matrix given by 

/ 


M = 


a 


P 


7 


\ ax 0 + f3xi + 7^2 


2 E a Oj x j 
j =0 
2 

2 E 3 X 3 
3=0 
2 

2 E «2 jXj 
3=0 

0 


\ 


We remark that (8.1) is not a minimal resolution since cq/3 ,7 are three 
elements of degree 0 such that (a,/3, 7 ) E C 3 — (0,0,0). Without loss of 
generality we can assume that r = {xq = 0 }, in particular we have 


/ 


M = 


1 2^) aoj 


\ 


Xn 


3=0 

2 


0 2 ^ a\j 


Xi 


3=0 

2 


0 2J2 a 2j 

3=0 

\x 0 0 


Xi 




By applying Gaussian elimination to M we obtain the minimal resolution for 


0 


e> p 2 (—2) A o p 2 (-i ) 2 © o p2 —> nj,2(log v) —► 0 


with 


/ 2 v 

2 E a \j X j 


( 8 . 2 ) 


M = 


V 


3=0 

2 

2 E a 2jXj 
3=0 
2 

-2E ClojXjXo 

3=0 


We observe that the entries of M are, respectively, two linear forms (d xi f 
and d X2 f) and one quadratic form (the product of — xq with d XQ f). From 
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(8.2) we get that ci(12p 2 (logP)) = 0 and c 2 (f2p 2 (logP)) = 1. Moreover 
theorem 3.6 implies that i7p 2 (logD) is a semistable vector bundle over Ph 
As we can see also in [22], the following holds: 


Theorem 8.1. Let Mp 2 (0,1) be the family of semistable rank-2 vector bun¬ 
dles E over P 2 with minimal resolution 


o —> e> P 2(—2) 


‘(A A h) 


Op2 ^— l) 2 © Op2 


E 


where /i,/ 2 are linear forms and / 3 is a quadratic form. Then the map 

M|? a (0,l) P 2 

e —► {/i = 0} n {/ 2 = 0} 

is an isomorphism. 

Proof. Let E and E' be two elements of Mp 2 (0, 1). We want to prove that 
the intersection point of f\ and / 2 coincides with the one of f[ and f 2 if 
and only if E = E'. If the intersection point is the same, without loss of 
generality we can assume that fi — f[ — Xq and / 2 = / 2 = X\. Moreover, E x 
and E' x are the cokernels of two rank-1 maps for all x G P J , in particular if 
x = [0, 0,1] we get that / 3 and have to contain the term x\. In order to 
prove that E = E' it suffices to hnd g \, r/ 2 linear forms such that the following 
diagram commutes: 

e> p2 (— 2 ) ^ c> P 2(-i) 2 ® o P 2 

1 I l L 

Op a( —2) ^ X ° -A ^ Op2(-l) 2 ® Op2 
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where 



1 

0 

°\ 

L = 

0 

1 

0 


\9i 

92 

1 / 


In particular we have to solve 

gix 0 + g2X i + h = /£. (8.3) 

Assume that 


/3 — b 00 X 2 0 + feoi^O^l + bo2XoX2 + ^ll^i + bi2'Xi'X2 + ^2, 


/3 = CooXq + CoiXoXi + C02X0X2 + C11X1 + c l2 xix 2 + x\\ 
we immediately get that 


9 \ = (coo - boo)x 0 + (c 0 i - 601 - l)xi + (c 02 - b 0 2 )x 2 


92 — Xq + (cn — 6 n)a;i + (C12 — ^12)^2 


solve (8.3), which concludes the proof. 


□ 


Remark 8.2. The previous result asserts that the vector bundle Op 2 (logiD) 
lives in a space of dimension 2 , while the number of parameters associated 
to a line and a conic with normal crossings is 7. So in this case the map in 


( 2 . 1 ) can’t be injective. 


With the same notations of the beginning of this section we have the 
following: 


Proposition 8.3. LetV = {r, C} be an arrangement with normal crossings. 
Then the pole of the line r with respect to the conic C describes the isomor¬ 
phism class of Qp 2 (logD), that is ^ 2(^2 (log D)) is the pole of r with respect 
to C. 


82 






Proof. Applying Cramer’s rule we get that the point in P 2 satisfying 

2 2 
°i j x j = ^2 °2 j x j = o 

3=0 3=0 

is P = [a\ 2 ~ ana 2 2, O22O01 — O02O12, 002011 — ai 2 a 0 i]. The polar line of P with 
respect to C is given by 



(Ooo Ooi Oo2 ^ 


/a;°\ 

°12 — O11CZ22, O22O0I — O02O12, O'02Oll — O12O01) 

Ooi On O12 


X -1 


\ O02 O12 0 2 2 / 


\%2 ) 


which reduces to x 0 = 0, that is to r, as desired. □ 



Figure 8.2: r is the polar line of P with respect to C 
We immediately get the following: 

Corollary 8.4. Let V = {r,C} and V = {rfC} be two arrangements with 
normal crossings in P 2 given by a line and a smooth conic. Then 

(log D) = n^(logP') 

if and only if the pole of r with respect to C coincides with the pole of r' with 
respect to C (see figure 8.3). 

The previous results can be extended to P", for all n > 3. 
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Figure 8.3: Line-conic arrangements with isomorphic logarithmic bundles 


Let V = {H, Q} be an arrangement with normal crossings in P n made of 
a hyperlane H = {a 0 ^o + - ■ ■ + a n x n = 0} and a smooth quadric Q = {/ = 0} 

n 

with / = E 


&ij%iX j. 


i,j =0 


From theorem 4.2 we get that the corresponding logarithmic bundle Qp„ (log T>) 
admits the short exact sequence 


0 —> Opn(-l) © O pn (-2) C9p„(-l) n " 

where M is the (n + 2) x 2 matrix given by 

( 


M = 


«o 


a r 




2 E « 0 3 X 3 

3 =0 


J2pn(logP) - > 0 


\ 


V OIqXq + • • ' + OL n X n 


2 E 

3 = 0 


&n.'i X 




0 




As in the case of n = 2, we can assume that H = {xo = 0} so that the 
minimal resolution of h2p„ (log V) takes the form 


0 


Opn( — 2) > Opn( — l) 71 ® (Dpn — 

( 11 

2 E a y x j 

3=0 


with 


fip„ (log D) —» 0 


(8.4) 


M = 


2 E 


(Lnj x j 


3=0 

n 

- 2 E QjQjX jXq 

3=0 
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Bohnhorst-Spindler criterion implies that Slp„(logX > ) is not a semistable bun¬ 
dle over P ra unless n — 2. Nevertheless we can extend in a natural way 
theorem 18.II also to n > 3: 


Theorem 8.5. All the vector bundles E over P" having a minimal resolution 

0 — > Opn(-2) ^ ^ fn+1 ] Opn(- l) n © Opn -^ E -^ 0 

where f n G id°(P n , Opn(l)) and / n+ i G H°(P n , Opn (2)) are parametrized 

by P n . In particular the correspondence is defined by 

n 

E^f){fi = 0}. 

2=1 

Remark 8.6. Since h2p„(logT ) ) belongs to a n-dimensional family and T> = 
{H, Q} is described by ("j 2 )© 77 - parameters, then V can’t be a Torelli type 
arrangement. 


Proposition 8.7. Let V = { H , Q} be an arrangement with normal crossings. 
Then the pole of the hyperplane H with respect to the quadric Q describes 
the isomorphism class of klp n (log V), that is 7r n (r2pn(logD)) is the pole of H 
with respect to Q. 


Proof. The solution of the linear system 


Ooi^o + • • • + Q>i n x n — 0 


^OtlXq © * * * © Q’nnXn 6 


is 


P — [detA 00 , — detAoi, detAo 2 i ■ ■ ■, (—l)"det.Aon] 
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where A 0 j denotes the submatrix of A = {aij} that we get by canceling the 
0-th row and the j-th column, for all j G {0,..., n\. So the polar hyperplane 
of P with respect to Q is 


/ «00 ' ' ' «0n \ 


(detA 00 , —detA 0 i, detA 02 ,..., (—1 ) n detA 0n ) 


{ x o\ 


= 0 


\ ^0 n &nn J \XnJ 


that is xq = 0. 


□ 


Corollary 8.8. Two arrangements with normal crossings V = {H, Q } and 
V = {H', Q'} made of a hyperplane and a smooth quadric in P" have iso¬ 
morphic logarithmic bundles if and only if the pole of H with respect to Q 
coincides the pole of H' with respect to Q'. 



8.2 The case of a conic and two lines 


Let T> = {r 1 , r 2 ,C} be an arrangement with normal crossings in P 2 , where 

ri and r 2 are lines and C is a smooth conic. We suppose that rq = {ao^o A 

ot\Xi A a 2 rr 2 = 0}, r 2 = {PqXq A f3iXi A P 2 X 2 = 0} and C = {/ = 0} where 
2 

f 'y ( aijXiXj. 
i,j =0 



Figure 8.4: A smooth conic and two lines with normal crossings 


In this case theorem 4.2 says that h2p 2 (logP) verifies 
0 —► 0 P 2 (- 1 ) 2 © O pa (-2) O p2 (-l) 3 0 Ol* —► fiJ, 2 (logX>) 


and 


M 


«o A) 

cci ft 


Og @2 

chqXq A Gqxi A o? 2 x 2 0 

V 0 A)£0 A /3lXi A /?2^2 


2 Z “oi^i 

3=0 

2 

2 Z a ijXj 

3=0 

2 

2 Z °2i X i 

3=0 

0 

0 / 


In order to simplify our computations, we can assume that rq = {xo = 0} 
and r 2 = {aq = 0}; we denote with a t j the coefficients of a quadratic form 
describing C also in this new frame. Thus the logarithmic bundle admits as 
minimal resolution 


CW-2) Ad P 2(-l)®0^ 




(logp) 


(8.5) 
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where 



3=0 


2 


M = —2^ a 0j XjX 0 


3=0 


2 


- 2 ^ a ljXjXl 
\ 1=0 / 


J=0 


In particular Ci(fip 2 (logP)) = 1 and c 2 (flp 2 (log Vj) = 2. So its normalized 
bundle, that is ffp 2 (logD)(— 1 ), belongs to M P 2 (— 1 , 2 ), the moduli space of 
rank-2 stable vector bundles over P 2 with C\ — — 1 and C 2 = 2. An interesting 
description of this moduli space is given in the following result, of which we 
will see a sketch of the proof (see also m- In order to state it we recall 
that cr 2 (z -^2 (P 2 )) is the notation for the 2 -secant variety of the image of the 
quadratic Veronese map z/ 2 (P 2 ), [13] . 

Theorem 8.9. M P 2 (—1,2) is isomorphic to 02 (^(P 2 )) — ^(P 2 ), the pro¬ 
jective space of symmetric 3x3 rank-2 matrices. 

Proof. A vector bundle E lives in M P 2 (—1,2) if and only if it is endowed 
with a short exact sequence like 



where f\ is a linear form and / 2 , fj, are quadratic forms. 

On the unique jumping line of E, which is {/1 = 0}, the linear series given 


by / 2 and fs has two distinct double points, which we denote by P\ and P 2 . 
Then the map given by 


M P 2(—1, 2) 


a 2 (z/ 2 (P 2 )) - z/ 2 (P 2 ) 


E 




is an isomorphism, which concludes the proof. 


□ 




Remark 8.10. The previous theorem implies that an element in E G Mp 2 (—1, 2) 
is characterized by 4 parameters, while a conic and two lines in the projective 
plane need 9 parameters to be described. So D = {r±,r 2 ,C} as above is not 
a Torelli arrangement. 

Remark 8.11. The jumping line of f2p 2 (logP) is {82 f = 0} and it is the polar 
line with respect to C of rq fl r 2 = [0,0,1]: indeed, the equation 



(aoo Ooi «02} 


f x o\ 

(0,0,1) 

aoi an ai2 


Xi 


\ao2 ai2 022/ 


V^2 / 


reduces to {d 2 f = 0}. Moreover, the linear series on this line is given by riUs 2 
and r 2 U sq, where S 2 is the polar line with respect to C of { 82 } = 0} fl r 2 = 
[a 22 , 0, — 002 ] and si is the polar line with respect to C of {d 2 f = 0} fl rq = 
[ 0 , a 2 2, —a2], that is s 2 = {a 22 dof - a 02 d 2 f = 0 } and si = {a 22 dif - ai 2 d 2 f = 
0}. The logarithmic bundle flp 2 (log'D) corresponds to the two intersection 
points {Pi,P 2 } of C and {d 2 f = 0} (see the figure below). 


fi r 2 



Figure 8.5: flp 2 (logD) corresponds to {Pi,P 2 } 





Corollary 8.12. Let V = {ri,r 2 ,C} and V = {r'^r^C} be arrangements 
with normal crossings in P J made of a smooth conic and two lines. 

Then fl^logP) = fip 2 (log'D / ) if and only if {P\, P 2 } = {P{, P 2 }. 



Figure 8.6: T> and V with isomorphic logarithmic bundles 
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8.3 Some remarks about the case of a conic 


and three lines 

Let T> = {ri, r 2 , r 3 ,C} be an arrangement with normal crossings in P~ made 

of three lines and a smooth conic, let say rq = {ao^o + aqaq + a 2 x 2 = 0}, 

f 2 = {/3 0 x o+l3iXi+p2X 2 = o}, r 3 = { 70 ^ 0 + 71 ^ 1 + 72^2 = o} and C = {/ = 0} 
2 

where / = ^ dijXiXj. 
i,j =o 



Figure 8.7: A smooth conic and three lines with normal crossings 

Ancona’s theorem implies that the corresponding logarithmic bunlde Op 2 (log T>) 
has the following exact sequence: 


0 — 

dp 2 ( — l) 3 © dp2( — 

■2) Ao P 2(-1) 3 ©^ 2 - 

-7 fip2(log2}) — 

7 0 

with 

( 

cio 

P 0 

7o 

2 

doj x j 


(X\ 

Pi 

7i 

3=0 

2 

d\j x j 

M = 

ol 2 

h 

72 

3=0 

2 

2^ d 2 jXj 


a 0 x 0 + ot\Xi + ol 2 x 2 

0 

0 

3=0 

0 


0 

Pox 0 + PiX\ + f3 2 x 2 

0 

0 


V 0 

0 7o^o + 7i^i + 72^2 

0 
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In order to get a minimal resolution for Op 2 (log'D), we can make a change 
of coordinates such that rq = {x 0 = 0}, r 2 = {aq = 0}, r 3 = {x 2 = 0} (we 
still denote with / a quadratic form defining C ). By using linear algebra 
computations we get the minimal resolution 


e> p2 (-2) 


M 


o 3 


P2 


Q^(logP) —»■ 0 


( 8 . 6 ) 


where 


_ -xodof' 
M = | -xidif 
-x 2 d 2 f 


From (8.6) it’s not hard to prove that Jlp 2 (logP) is a stable bundle 
with Chern classes C\ — 2 and c 2 = 4. In particular, its normalized bun¬ 
dle fIp 2 (logX>)(—1) belongs to the moduli space M P 2(0,3), which, according 


to (5.22), has dimension 9. Thus, since the number of parameters associated 


to three lines and a conic is 11, such arrangement can’t be of Torelli type. 


Remark 8.13. From a geometrical point of view, each quadratic form in M 
represent the union of r* with the polar line with respect to C of the inter¬ 
section point of Vj and r k , for different i, j, k G {1, 2, 3}. 


Remark 8.14. If we do the tensor product of (8.6) with C? P 2 (—1) we get that 
flp 2 (log V)(—l) has the following short exact sequence: 


O pa (-3) Op 2 (- 1) 3 —>• Op 2 (log'D)(—1) —> 0 


where M is the matrix introduced above. Theorem 4.2 asserts that, if V = 
{D} is an arrangement made of one smooth cubic curve in P 2 , then the 
associated logarithmic bundle Op 2 (log T> r ) admits an exact sequence like the 
one for fIp 2 (l°S^)( — l)j which is given by the three partial derivatives of a 
cubic polynomial defining D. So an interesting problem is to understand if 
there is a smooth cubic curve in the projective plane corresponding to three 


lines and a smooth conic. 
We have the following: 
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Theorem 8.15. Let V be the arrangement with normal crossings given by 

2 

{xqX\X 2 f = 0} 7 where f = ^ dijXiXj. Then there exists V = { D}, where 

i,j =o 

D C P“ is a smooth cubic curve, such that 

(log X>) = r2p 2 (logT ,/ )(l). 

Proof. We want to prove that there exists a homogeneous polynomial g of 
degree 3 in the variables x 0 ,xi,x 2 such that 

< d 0 g, dig, d 2 g >=< -x 0 d 0 f, -x 2 d 2 f > 

holds. This is equivalent to say that the partial derivatives of g have to 
satisfy 

dog — O-o(-Xodof) + ai(-xidif) + a 2 (—x 2 d 2 f) (8-7) 

dig = b 0 (-x 0 d 0 f) + bi(-xidif) + b 2 (-x 2 d 2 f) (8.8) 

d 2 g = c 0 (-x 0 d 0 f ) + ci(-xi<9i/) + c 2 (-x 2 d 2 f) (8.9) 

for certain complex coefficients a 0 , cq, a 2 , b 0 , b\, b 2 , c 0 , C\, c 2 . Since, by Schwarz’s 
theorem, dfi^g = djd t g for all i, j e {0,1, 2}, the previous conditions become 

aodi(x 0 d 0 f)+aidi(xidif)+a 2 di(x 2 d 2 f) = bodo{xodof) J rbid 0 (xidif)+b 2 do(x 2 d 2 f ) 

aod 2 (x 0 dof)+aid 2 (xidif)+a 2 d 2 (x 2 d 2 f) = codo^xodo^+ddoix^i^+c^x^f) 

bod 2 (xodof)+bid 2 (xidif)+b 2 d 2 (x 2 d 2 f) = Codi(xodof)+Cidi(xidif)+c 2 di(x 2 d 2 f). 

Let denote by {a.q}, {bjj}, {c t j} the coefficients of Xkdkf for k G {0,1,2}; by 
using the identity principle for polynomials we get the following system of 
nine equations with variables a 0 , cq, a 2 , b 0 ,bi,b 2 ,c 0 ,ci,c 2 : 
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a oiQ'O + &oi«i + coi fl 2 = doobo + ^ooffi + C00&2 
a n a 0 + &11O1 + C11CI2 = ciQibo + 4- C01&2 

Q'12®0 + &12®1 + Cl2fl2 = 0-02^0 + ^02^1 + 0)2^2 
ao2<3o + bo2di + C02O2 = aooCo + &00C1 + C00C2 
°-12 a 0 4" &12°1 + Ci2d-2 = °01 c 0 + ^01 c l + C01C2 

a 22 a 0 4 " &22 a l + C22Q.2 = a 02 c 0 4 " &02 c l + C02C2 
®02^0 + &02&1 4- C02&2 = a 01 c 0 + fr()l c l + C01C2 
ai2^o 4 - &12&1 4 - C12&2 = 011 Co + 611C1 4 - C11C2 
a 22^0 4 - ^22^1 4 * C22&2 = a '12Co 4 " &12 c l + C12C2. 


We remark that a,ij,bij,Cij depend on the coefficients djj of the conic in our 
arrangement. In this sense the 9 by 9 matrix associated to the system turns 
to be the following: 



dm 

0 

—2doo 

0 

0 

0 

0 

0 

2ci 11 

0 

—dm 

—dm 

0 

0 

0 

0 

du 

d\2 

— d‘02 

0 

— d()2 

0 

0 

0 

0 

d'02 

0 

0 

0 

—2doo 

0 

0 

d\2 

d\2 

0 

0 

0 

—dm 

—doi 

0 

0 

2c?22 

0 

0 

0 

—do2 

0 

—d, 

0 

0 

do2 

0 

do2 

—dm 

—doi 

0 

0 

0 

0 

d\2 

d\2 

0 

—2 du 

0 

0 

0 

0 

0 

2c?22 

0 

—d\2 

-d 
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It’s not hard to prove that the rank of this matrix is 8, that is the dimension 
of the space of solutions of the aforementioned system is oo 1 . So assume that 
ao,ai,a 2 ,bo,bi,b 2 ,co,ci,C 2 solve our system, we want to find a cubic poly¬ 


nomial g such that conditions (8.7), (8.8), (8.9) are satisfied. Let integrate 


(8.7) with respect to xq, we get 


, \ /in XnXl XnX 2 \ 

g{x o, x\, x 2 ) — —2ao I —«oo H- 2 — aQ1 ^- 2 — a ° 2 j + 


( 8 . 10 ) 


—2 aJ X ° Xl 


2 a oi + xlx 0 a u + X0X1X2CI12J + 


— 2(3,2 ^ ^2 ° 02 x 0 X 2 a 22J “I" h{Xl, X 2 ) 

where h is a function of x l5 x 2 to be determined. If we equate the expression 


of the partial derivative of g with respect to Xi coming from (8.10) with the 


one in (8.8) and then we integrate with respect to x\ we get the following 


expression for h: 


h(x i,x 2 ) = a 0 XoXia 01 -\-2a 


( x l x i 

V 2 


Oqi + Xqx\cLii + XQX1X2CL12 ) + 202 XoXiX 2 Oi 2 + 


-b 0 {^xlxxdoo + xox\aoi + 2x 0 xix 2 ao 2 )~h ^ XqXiCIoi + 2-^an + X 2 X 2 Oi 2 ^ + 
— b 2 ( 2 x 0 x 1 x 2 a 0 2 + x\x 2 ai 2 + 2 x 1 X 2022 ) + *(x 2 ) (8.11) 

where we have to determine the function i(x 2 ). Finally, if we compare the 


partial derivative of (8.10) with respect to x 2 with (8.9), using also (8.11) 

and then we integrate with respect to x 2 , we can find explicitly i, so that 

2 2 - 
g(x 0 ,x 1 ,x 2 ) = --a 0 aoo£o- 2 &oaoo^o^i- 2 a 1 a 11 xox 2 --M 11 Xi- 2 a 2 a 22 xoX 2 + 


- 200000 ^ 0^2 - 2(01 + a 2 )ai 2 x 0 xix 2 - 2c 1 a 11 x 2 x 2 - 2 & 2 a 22 xiX 2 - -c 2 a 22 X 2 

o 

is the required polynomial. □ 
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Remark 8.16. From the proof of theorem |8.15| it follows also Hermite’s theo¬ 
rem (1868), which asserts that a net of conics can be regarded as the net of 
the polar conics with respect to a given cubic curve, m 

Remark 8.17. If we require that 


= xAf 


for all i e {0,1,2}, then necessarily it has to be 


2 2 2 

g(x 0 ,x i,x 2 ) = -a 00 x 3 0 + -a n xl + -a 22 x 3 2 , 


provided that the conic is given in diagonal form by 


f(x 0 ,x 1 ,x 2 ) = a m x% + a n xj + a-ax 


( 8 . 12 ) 


So, let {xqX\X 2 f = 0} and {xqX\X 2 f = 0} be two arrangements with normal 
crossings in P 2 each of which made of three lines and a smooth conic defined 
by a diagonalized quadratic form. Each arrangement corresponds to a log¬ 
arithmic bundle which is isomorphic to the logarithmic bundle of a smooth 


cubic like the one in (8.12). As we can see in remark 4.8, two cubics which 


are both Fermat yield isomorphic logarithmic bundles. Thus our line-conic 
arrangements have isomorphic logarithmic bundles too. 
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